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Chapter 1

Single-particle tracking

XTrack is a 6D single particle symplectic tracking code used to compute the trajec-
tories of individual relativistic charged particles in circular accelerators. It has been
developed based on SixTrack.

The physical models are collected from the main references [1, 2, 3, 4, 5, 6, 7], which
contain more details of the derivation of the maps.

1.1 Notation and reference frame

The speed, momentum, energy, rest mass, charge of a particle are indicated by v, P,
E, m and g, respectively. These quantities are related by the following equations:

v = fc E? — P2c? = m?ct E = ymc? Pc = BE (1.1)

where B and 1 are the relativistic factors.
In a curvilinear reference frame defined by a constant curvature h, in the X, Z plane
and parameterized by s, the position of the particle at a time f can be written as:

Q(t) =x(s) +xx(s) +yi(s), (1.2)

and therefore identified by the coordinates s, x, y, t in the reference frame defined by
%(s) and 7(s). In particle tracking, s is normally used as independent parameter and
t as a coordinate.

The electromagnetic fields E and B can be derived in a curvilinear reference frame
from the potentials V(x,y,s,t) and A(x,y,s,t), where

A(x,y,5,t) = Ax(x,y,s,t)%(s) + Ay(x,y,5,1)7(s) + As(x,y,s,1)2(s) (1.3)

and for which:

A . . 1 5
- - aSAy A asAx - ax(l + I’lX)AS ~
B—VXA—(ayAS—1+hx>x ( —— )y (1.5)
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In this reference frame the canonical momenta are:
Py = myx +qAy, Py=myy+qA,, Ps=mys(1+ hx)2 +q(1+hx)As.  (1.7)
and the energy of a particle and the field is

; — g As(1+ hx))?
E=q¢+c\/ (mey? + (ql +(hlx; v) +(Px = qA)2 + (Py —qAy)% (18)

1.2 Hamiltonian and particle coordinates

If s(¢) is monotonically increasing, it is possible to derive the equations of motion
using s as the independent parameter, (—t, E) as conjugate coordinates and —P; as
Hamiltonian.

Ps = (1 + hx) <\/(E—C_2qq®2 — (mc)? — (Py — qAx)? — (Py — qAy)> + qu> (1.9)

Since in accelerators the orbits of the particles are often a perturbation of the refer-
ence trajectory followed by a particle with rest mass my, charge o, speed Boc and
momentum Py, one could use the following derived quantities that usually assume
small values:

mo P(x,y) _4mo

— _ 1

Note that here m is used to indicate the rest mass of particles of species different
from the reference particle (which has mass m) and not the relativistic mass. Further
rescaling the energy and charge density as

mo E(x,y,s)

e(x,y,s) = - 2

¢(x,y,8) = %(P(x,y,s), (1.11)

and as all canonical momenta scale with the same factor, we can define a new Hamil-
tonian H that still satisfies the same equations of motion:

~ mpy 1
H(x;y;_t; Px/ Py/e) - EOP_OH(nyI_tIPXI Pyr E)

~ e 2 1
H = —(1+hx) (\/(E —xe) - g2 P = xax)? = (py — xay)? +xa5> (112)

070

1.2.1 Longitudinal coordinates

Different sets of longitudinal coordinates can be used:

gf:s%—ﬁct T:é—ct {=s— Boct (1.13)
p™ _ p, 1 E™ _ E, 1 E™ _E,

_Pa _ 1By — ko N T 1.14

° Py PT= B8 E pe 2 Eo (114
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where variables in the same columns are canonically conjugate.

The different longitudinal variables can be easily related to each other:

B

CIﬁTIﬁOC

pr = Bopg
(5:,/]9%—1—2%—1—1—1:[3;9-;—1—%

\/ﬁopg+2pg+1—lZﬁﬁopﬁﬁgoﬁo
v = Y0(1+ Bopr)

1—Po
1 - PO
‘B \/ 1+,30PT

(1.15)
(1.16)

(1.17)

(1.18)
(1.19)

(1.20)

For small energy deviations (0 < 1, pr < 1, p; < 1), we can neglect the terms of

order 62, p2, p% and higher, hence the following approximations hold:

~ Pr
o~ By
5~ pg
B~ Bo+ (1-Bj)p:

1.2.2 Hamiltonian with different coordinate choices

The conjugate pairs can be generated by the following generating functions

S 1+6
Fz—xpx+ypy (50—0

)i
oo (o) ()
)

Fy = xpx +ypy + < (ﬁopg + )

The Hamiltonians are then:

F
1F2(_t/ pnewzs)/ e = %/ Jnew = 3Pnew Hpew = H‘|‘ 9 2

(1.21)

(1.22)
(1.23)

(1.24)
(1.25)

(1.26)
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2
Hs = 1o (14 hx) (\/(1—H - X(P> - # — (px — xax)* — (py — xay)? +Xﬂs)

070

2
Pt 1 1
HT:——1+I’1X (T+__ >_—_ x axz_ - El 2+ as
gy ¢ )(\/p B, X? 7.2 (Px = xax)? = (py — xay) x)

2
1
Hz = p; — (1 + hx) (\/(ﬁopg + = —X(P) TR (px — xax)? — (py — xay)? +xas)

070

Note that things get complicated when using the pair (&, ), as then the Hamiltonian
contains terms in B, which in turn depends on the energy. In particular:

9 _ 1 p
%~ Pis 1.27)

For this reason we prefer using H; when deriving the equations of motion. Note that
when ¢ = 0, the Hamiltonian simplifies into:

H. = Z; (1+ hx) (\/(1—1-5)2_(Px—X“x)z_(Py_X“y)2+XaS) (1.28)

The following identities are useful to derive the equations of motion:

= = - 1.29
ap.  1+6 B (1.29)

35 (550 ) = a0

1.3 Symplectic integrators

1.3.1 Hamiltonians of the implemented maps

Xsuite provides maps for the following Hamiltonians

We call /- = \/(1+5)2—p§—p5:
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Map Parameters Description
D 1 Drift exact Hp = & — \/(1 +6)2 — p2 — p?
De 1 Drift expanded Hp, = % — 55‘1?;%
Dc 1 Correction drift exact Hp. = Hp — Hp,
R h,1 Curved drift Hg = % — (1+ hx) <\/_)
Br ko, 1 Rectangular bend Hg, = % — /o —bx
B k0,1, h Exact Bend Hp = & — (1 + hx) <\/_ — ko <x — 2(1thzx)>>
Kh h,1l Thin curvature kick Hg, = —hx
KOh kO, Weak focusing Hyon = koh%2
KO kO, 1 Dipole kick Hgo = kox
K1 ki,1 Quadrupole kick Hx1 =k 272
Kih ki1,h,1 Quad correction Hxip = k1h2x3_3xy ’
Kn kn, ks, 1 Multipole Hyg, = —R (ZnNzo(kn + iky) u&iﬁ;#)
Knh kn, ks h Curved Multipoles Not yet available
M k0,k1,I,h  2nd order Hamiltonian Hg, = % + %% + (ko —h)x + kOZ—XZ + k1 ngyz
S ks,1 Solenoid Hg = bt — \/ (1+06)2 — (px - %y)z - (Py + %)2

1.3.2 Magnet models

The maps are combined to obtain the following models of magnetic elements:

Model h=0,ks=0

h#0,ks=0

rot-kick-rot
bend-kick-bend
matrix-kick-matrix
drift-kick-drift-exact
drift-kick-drift-expanded

[D], [KO K1 Kn]
[Br], [K1 Kn]
[M], [Kn Dc]
[D], [KO K1 Kn]
[De], [KO K1 Kn]

[R], [KO KOh K1 K1h Kn Knh]

[B], [K1 K1h Kn Knh]

[M], [K1h Kn Knh Dc]

[D], [Kh KO KOh K1 K1h Kn Knh]
[De], [Kh KO KOh K1 K1h Kn Knh]

1.3.2.1 Map for the exact bend

This map is adapted from [8].
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) = i (/@0 = pa(2 = - 0 ) 131
px(s) = pxcos(hs) + (\/(1 +6)2 — p} — p? — kox (% - x)) sin(hs) (1.32)
_ pysh  py [ 4 Px il px(s)
y(s) =y+—-— Kox +k0X (Slﬂ ( (1+5)2p§> sin ( (1—“5)2;7%))
(1.33)
py(s) = py (1.34)
5(s) = (1.35)

S — o | (L+)sh  (1+49) - Px Cn ! px(s)
e ﬁ[ ST ( ( <1+5>vy) s ( (1462 p3

(1.36)
1.3.2.2 Map for the straight bend
This map is adapted from [8].
1
K(L) = x o (U072 = pe(L)2 = pf = \[(1+0)2 = p2 — p}) (1.37)
px(L) = px — koxL (1.38)
Py | -1 px 1 px(L)
L)=y+ —= | sin — sin (1.39)
T ( ( 1+ py) ( <1+5>2v§))
py(L) = py (1.40)
S(L) =6 (1.41)
Po |1+0( . 1 Px 1 px(L)
)= - Y _
¢(L)=¢ 5 | Tox (sm ( (1+5)2p§) sin ( Y py))]
(1.42)
1.4 Cavity time, energy errors and acceleration
A cavity kick depends on:
sin(27tfT + ¢) (1.43)

where T is laboratory time.
For the most general case:

))
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sin(27fT 4 ¢) = sin (Zn £2 ﬁ_f + 4>) (1.44)
0
Most codes drop the term 27tfs/(Boc) that is
sin(2rfT 4 ¢) — sin (—27‘(f% —|—<P) (1.45)
0

to make sure that a particle that is syncrhonous to the reference trajectory is in phase
with the cavity.

1.4.1 Implementing energy errors

One can define

s=sp+mn(Lop—L)+nL
frev = Boc/L (1.46)
f - hfrev

where sg is the path length at the cavity turn at 0, Ly is the design circumference, 7 is
the turn number, / is the harmonic number, L is the new path length with an energy
error. Indeed one could write L = Ly(1 + #J;) where 7 is a constant property of the
lattice.

Multiple cavities can have their own defined L.

Using these definitions, then

sin(277fT + ¢) =sin (mh Froy 2F ”(Lﬁo - D-¢, 4>) (1.47)
0
—sin (27'chfrevn(L0 ; i) —6 gb') (1.48)
0

where ¢/ = 2750 4 ¢

In MAD-X twiss and MADS, indeed the longitudinal coordinates is directly ' =
n(Ly — L) — ¢ and the term n(Ly — L) is added smoothly in each thick element. This
forces all the cavities to share the same L or frey.

In SixTrack or MAD-X track, one could simply define a turn dependent phase

¢ = ¢o + 27th freyn (Lo — L) (1.49)

which is very general or in alternative add a special element that perform at each turn
the following transformation:

Cnew = (LO - L) - Cold (150)
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1.4.2 Acceleration

Accelaration can be achieved by renormalized the relative variables using a new mo-
mentum reference. This has the side effect that the fields of the magnets (expressed
in normalized strength) follow the energy ramp and that the cavity frequency (if ex-
pressed in terms of the harmonic number (NB we should perhaps change this in the
Xtrack interface) is updated.

The re-normalization if done once at each turn is:

p = Px0ld Fooid p = Py,old To1d (1.51)
x,new — Fx,o0 Mnew — ,0 :
P 0,new Y v P 0,new
o P 0,0ld - Pr,0ld P 0,0ld € + EO,old - E0,r1ew
5new - (5old + 1) —1 Ptnew =
P 0,new P 0,newC

(1.52)

1 1 1 1
n =3 — — TII = S — — T 1.53
g o ’BO < ,BO,new ,B 0,0ld ) gOId o (,BO,new ﬁO,old > old ( )
(1.54)

1.5 Beam elements

1.5.1 Drift

A drift is a straight, field-free region (h(x,y) = 0, V = 0 and A = 0). The exact and
expanded Hamiltonian for a drift space are

H—ﬁ—\/(1+5)2— 2 _ 2~&—5+1p3‘+p§ (1.55)
T_,BO Px pywﬁo 2 146 ° :
The map is given by solving the equations of motion:

dpi . oH dql . oH

ds 9y ds  9p; (1.56)

As there is no explicit dependency on the position coordinates in the Hamiltonian,
the momenta remain unchanged in a drift.
For the position coordinates, we get:

/—&z Px

(x) = b, 140 (1.57)
r_ Py __ Py

() = . ¥ 145 (1.58)
, 1 1146 1 1 117247

= 2ite bt 22 (1.59)
O =5 B TR B B 2

p: =1/ (1402 —pi—p} (1.60)
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1.5.1.1 Expanded Drift

The map relative to the expanded Hamiltonian is then

_ Px _ Py
140 L (L.61)
X < x + xpl Yy y+ypl (1.62)
X2 412
C%Hl(l—%(HTy")) (1.63)

1.5.1.2 Exact Drift

The map relative to the exact Hamiltonian is then

x<—x+%l y%y+&l (1.64)
§<—§+l<1—%1;5) (1.65)

1.5.1.3 Polar Drift

It is possible to define a “polar” drift that has the effect of rotating the reference frame
[8] for instance in the x-z plane

Px < pxcosf + p,sin®  p, < —pysind + p,cosb (1.66)
z= —xsin0 x'=px/p2 v =py/p: (1.67)
X ¢ xcosf —x'z Yy y—x'z T<—T+251;5. (1.68)

z

where 0 is the angle bringing the new £ towards the old Z. The map can be also gen-
erated by combining a rotation with a —x sin(0)-length drift. In case of an £ rotation
the role of x and y are interchanged.

1.5.2 Dipole

In a curvilinear reference system with a constant curvature / in the horizontal plane
a uniform magnetic field can be derived by the vector potential:

Ay =0 A, =0 A; = —B x—h—xz (1.69)
X — Yy y — Y s — y 2(1+hx) . .

With the following normalization kg = %‘)By is the inverse of the bending radius of the
reference particle.
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The exact and expanded Hamiltonian for a horizontal bending magnet is (eq. 2.12 in

[2])

_ Pt _ 2_ 00 T
H B (1+hx)\/(1+5) px — Py + xko <x+ > ) (1.70)
2, .2 2
- Pt 1px+py_ hx
~ 8 T2 150 (14 hx)(140) + xko X+ - (1.71)

1.5.2.1 Thin dipole

The map for a thin dipole kick (horizontal or vertical) from the expanded Hamiltonian
is (eq. 4.12 in [4]):

Px < Px+ (hxl — Xkol) + hyld — Xkolhxx (1.72)

py < py — (hyl — xkol) — hy16 — xkolhyy (1.73)
hex —h

T T— %l. (1.74)

1.5.2.2 Thick dipole

Defining the following quantities,

kohy __ kohy
R “ =

ery = COS( Gx,yL)r Sx,y = Sin( Gx,yL) (1.76)

(1.75)
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the map relative to the expanded Hamiltonian is (eq. 4.11 in [2])

1 5
x < Cy - x—i—\/_1+5 x—i—h—(l—Cx) (1.77)
X
pxe—\/Gx(l—l—(S) sx X+Cx-pr+6V1+6-5, (1.78)
5
y<GCy+—7= \/—1+(5 Pyt ( —Cy) (1.79)
py <+ —1/Gy(1+6) -sy-y+cy-py+(5\/1+5-sy (1.80)
C%C+L< —%) (1.81)
_ B X+ p+ 2Ly + py+06|2L— S
B | VGx Iy VGy hy Y VG: /Gy
(1.82)
180 AN p? 0 282
ip G"( )( h>+< )(1+5) )T P
(1.83)
C,S C,S p2 5\ 25
G, [1L— 2y A R (__)_. |
i y( ,/_Gy> +< TG, ) arer U Th ) Tre Py
(1.84)

1.5.2.3 Dipole Edge effects

Considering the dipole edge effects from a dipole of length L and bending angle 6,
the map is

+6

Px — Px + tan(a) - x

Py — Py — tan(a) - y,

where the bending radius p and « are defined as

1.5.2.4 Fringe field

Based on: https://cds.cern.ch/record/2857004
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The map of the fringe field of a bending magnet can be written as:

where:

D (px, py,0) =

We define:

So we can rewrite:

D (px, py,0) =

SO wWe can rewrite:

2
f_ Y
y =
1+,/1—2§%y
xf = + 1 aCID f2
28pxy
py = py— @y
f_7y Polo® p
kor' e (A Py (1402
1+y2 P2 P
xl
¢ ( /}/) 1_|_y/2
146)% —p?
‘Px(Px/Pyr‘S) = %
(1+6)*—p
Py (px, Py, 6) = 3 !
Z

kox’ (140)>—p?
_rot _gk%)fint < y +x/2

1+y? P2

u+&2—ﬁ>

p3

® (P, pu,8) = kogo(x',y') — & fine (& (Px, Py 8) + ¥ (px, 1, 9))

The derivatives can be written as:

0P _ 1 (2900x" | oo 3y , 0x'

apx ko (ax’ Py + oy’ Ay &k? fint + 2x —(px
0D _ (b0 0x' | 990 0y 4’y /

% - kO (ax’ apy + ay/ apy Ofmt —|— 2x _47x +
0P I dx’ 9 oY’ P

g—ko (a_x’a_éJra_y/% &k? fint +2 54;x

Expression of all other quantities needed for the calculation:

(1.85)

(1.86)

(1.87)
(1.88)

(1.89)

(1.90)

(1.91)

(1.92)

(1.93)

(1.94)

(1.95)
(1.96)

(1.97)
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a(Px _ 2
p3opx

opx
Ipy

9
1)

¥ =P
Pz
o _ _pedpz 1
opx  piopx Pz
ox'  pxop;
opy  pZopx
ox'"  pxop;
) p2 96
; Py
y = D
9 _ _Pyopz
dpy p2 opy
W _ pop 1
dpy  piopy  p:
W _ _Pyop:
N p2 96

(140)* —p3

3 dp;

(107 -4) —255

3 9p:

=-S5 (402 - p2)

piopy

3 dp; (1+49)

- 2% ((1 +6)2— pi) o2

)

Z

19

(1.98)
(1.99)
(1.100)

(1.101)

(1.102)
(1.103)
(1.104)

(1.105)

(1.106)

(1.107)
(1.108)

(1.109)

(1.110)
(1.111)

(1.112)

(1.113)
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(1+6)*—pj
TR
dpy 3 dp: 2 .2
dpx  piops <(1+5) —Py>
dpy 3 9p; 2 2 Py
op, ~ it (1797 7R) 2
a X 3 a z 1+5
= o (1 or ) #2050
va z
x/
¢0:—1+y’2
acpo . 1
ox'  1+y?
%_ 2x/y/

ay/ _ (1+y/2)2

1.5.2.5 MADS fringe

Again nased on: https://cds.cern.ch/record/2857004 (eq. 37)
The map of the fringe field of a bending magnet can be written as:

f— 2y
1+ 1—237‘1;y
1Y 2
foxy LOT
X x+28pxy
Py =py—¥y/
f_ryPold¥ g
C =t g5

where:

_ x!
k4 (pX/ Py/ (S) = kO tan 1 (1—|——/2) —gk%fmtpz (1 + x/Z (2 _|_y/2>>

Y
We define:

!/

A A
olx.y) = 1+ y2

$1(x,y') =1 +2x"% + x2y?

SO we can write
Y = kotan ™" (o) — 8k fintp=1

(1.114)
(1.115)
(1.116)

(1.117)

(1.118)
(1.119)

(1.120)

(1.121)

(1.122)

(1.123)

(1.124)

(1.125)

(1.126)

(1.127)

(1.128)
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from which:

oY

P« -

o _
dpy
B_T
00

1.5.3 Combined dipole quadrupole

°1 + ¢} apy
1 a(PQ
T2 00

. 1 9o ey (
1+¢%apx 0 int

! a(PO (ijint ((Pl_ + pzs— P >

‘P1>
Ipx pap

Py dpy

1
gk%)fint( ap ~|—Pz§5)

84)0,1 _ agb(),l ax’ 84)0,1 ay’
Py ox' dpy Yy’ Jdpx
84)0,1 _ aqu ox’ 84)011 E)y’
dpy dx’ dpy dy’ dpy
dpo1 _ 9¢o19x" | 9o, 9y’
00 ox’ 96 oy’ 9o
x/
(PO 1 +y/2
a(,bo B 1
'  1+y?
Ao 2xy

oy (1+y?)?

¢1 =14 2x"
% = 4x" + 2x
0
a;r;} — 2x/2yl

2. 12

+xy

)
y

The following vector potential in curvilinear coordinates

produce a field

2
___ & o
As = 1+hx(2

_ hxy
Bx_g(y+1+hx)

2 3
y- | hx
s+ )

B, =gx

21

(1.129)
(1.130)

(1.131)

(1.132)

(1.133)
(1.134)

(1.135)

(1.136)
(1.137)

(1.138)

(1.139)
(1.140)

(1.141)

(1.142)

(1.143)



22 CHAPTER 1. SINGLE-PARTICLE TRACKING

The following vector potential in curvilinear coordinates

2 2 3 2
_ 8 (¥ _y  hx hxy
As = 1+hx(2 2 773 2 ) (1.149)

produce a field

h 2
By = gy By =g (x + 7 ) (1.145)

1.5.4 Thin Multipole

The effect of a thin multipole can be approximated by the following Hamiltonian
Alongitudinally uniform static magnetic field can be described by the following equa-
tions

B, +iAy

By+iBy =Y ———"(x+iy)"! (1.146)
n=1 o
—
— By Y Myt (1.147)
n=N Tp

The kick AP = g2 x (By% + B,¥) translates into
Apx — ipy = = x (B, +iBy) (1.148)
0

A thin multiple idealizes the effect of the field by taking the limit of the integration
length going to zero while keeping constant the integrated strength. The Hamiltonian
is:

1 L . —+1
H = 5(s)xLR n;() CES (kn + ikn) (x +iy)" ] . (1.149)
where
Ky = nt 10 Bt By =m0 Ane1, (1.150)
Po 1o Po To
The corresponding map is:
o ) -
px < px—xL-R Z ﬁ(k" +ikn)(x +iy)" |, (1.151)
_n:0 ) -
o ) G
Py py+al-S | )k + k) (x +iy)" | (1.152)
_n:0 ) -

In case a curvature /, the vector potential become:
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flxy) = / Bx(x,y)dy (1.153)

g(x,y) = /axBx(x,y)dy (1.154)
Y(1+ h)(g(%, ¥)+hf(x,y)d

(e = 29 flag) - EOHICED LD Lhfpis e

i (—hf (8(x,y) — [bxM(2,y) dy — h [ bx(%,y) dy — hiby(%,y) — by(f,y)) dx
hx +1

(1.156)

1.5.5 Accelerating Cavity

The approximated energy gain of a particle passing through an electric field of fre-
quency f = 2"—7‘; for which:
1/2
Vsin(¢ — kt) = / E(0,0, t,5) ds. (1.157)
~1/2

An equivalent vector potential can be derived and normalized as

__Vv _ _ o
A = » cos(¢p — k) Vi = Poc (1.158)

from which one can derive the following map

s§— 50
, 1.159
B ) (1.159)
where the additional terms in the phase is added in case harmonic number is not
exactly integer and the phase is unlocked phase ). The new 6 can be updated from the
new pr.

pr < pr + xVusin(

1.5.6 RF-Multipole

The RF-multipole generalizes the interaction of a particle with an electromagnetic
tield by assuming that

L/2

(y o) =q )  Eloyt) (1.160)
L/2

AP(x,y,7) =1 [ By b) + PeBy(x,y,t) ds (1.161)
L/2

APy(x,y,T) = q/L/z (x,y,t) — BcBx(x,y, t) ds. (1.162)
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are harmonic in x, y and periodic in T of frequency f = Zim such that:
N ~ A
as(x,y,7) =R [Z <kn cos(¢pn — k) + iky cos(Ppn — kT)) (x+iy)"|, (1.163)
n=1
The map then follows:
Ny o
Apx = — 21 AR | (knC+ ik Co) (x 4+ i) "1 (1.164)
n=
Ny o
Apy =Y A8 [(knCn + ik Co) (x + iy)(”_l)] , (1.165)
n=1"""
N A
Ape = —xk Y R [(knSu +iknSn) (x +iy)"], (1.166)
n=1
where
Cn = cos(¢pn — wAt) Cy = cos(py — wAt) (1.167)
Sp = sin(¢, — wAt) Sy = sin(p, — wAt). (1.168)

1.5.7 Solenoid

The derivation largely follows one by Forest [8], while the final map can be verified
to be the same as the one by Wolski [9].
We can write the Hamiltonian for the solenoid as follows:

2 b, 2 b, 2

where we have defined the normalized quantities b, = BZ’ZJ—E, Ay = Ax?,—g, ay = Ay%—g.
This can be obtained knowing the general Hamiltonian

H=p;— \/(1 +0)2 — (px — ax)? — (py — ay)? — az, (1.170)

we can extract the magnetic field potential and convince ourselves that H describes
a magnetic field with only the longitudinal component equal to B;, as expected of a
solenoid:

BZ aAZ 0A
Ay -5y T 0
dA
Az 0 T aa_?/x B,

The Hamiltonian H can be simplified, by applying the following transformation,
which should be understood as the change of reference from the general coordinate
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system X to a new Xpew:

- =
-5 0 0 b
1
T._ 0 1 35b, 0
' 1 1
-2 0 0 -5
|0 1 —3b; O |
In particular, note that if
X —Xnew — Ynew

X = Px = T_lxnew = %(px,new + py,new)
b,

y n (px,new - py,new)

| Py | | %(xnew_ynew) i

then we can rewrite H in terms of Xpew (dropping the ‘new’ suffix, while keeping it
in mind) as

K= —\/(1+6)2 — p? — b2a2.

We can simplify H even further, rewriting it in terms of the following action-angle

variables:
X = 1/%(:05(4)) and py := 1/2|b;|]sin(¢). (1.172)

The new Hamiltonian with respect to | is the following;:

K=—/(1+8)2—p2 —b2a2 =

2
J(1+5)2<\/2bzlfsin(¢)> ~ 02 cos(e)? =
2

- \/(1 +0)% — (\/msin(gb))2 - (\/MCOS@))) =

— (6220,

Then, using Hamilton’s equations, we can solve for ¢:

dp oK B oK |b-|
=5 = 9 =00 +25; =(0) -z

Let w := —b,/K. Keeping in mind that we are still in the realm of Xpew, We can
compute Xpew and ynew substituting the above into (1.172). Note that we can drop
the modulus on b, in both w and the equations below, as cos is an even function, and
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while sin is an odd function and the signs of sin(wz) and b, will cancel out anyway.

X = \/%cos (qb(O) + (—z’b—£|>> =
2] bz

@cosqb(O) cos(wz) — ) sin ¢(0) sin (_Z%) -
Px,0

xg cos(wz) — . sin(wz)
Z

Px = \/Z\ITIIsin (gb(O) + (—z%>> —

\/21b:T sin(0) cos(wz) + [b %cm(m sin (_%) _
Px0 cos(wz) + byxg sin(wz)

These equations give us the map for the solenoid in Xpew. We can write this transfor-
mation in the form of a matrix

[ cos(wz) —Sinlgi"z) 0 0
R.— b;sin(wz) cos(wz) 0 0
’ 0 o 10|
0 0 0 1}
and therefore the whole solenoid map in X as follows (let S := sin(wz) and C :=
cos(wz)):
¢ s s 1C]
2 b: 2 b,
_bS cy1 b(CZ) s
Mi=T'RrT=| * * * 2
_Ss C1 C4l S
2 b, 2 b,
b(1-C) s _bS Cil
! 2 4 2

In the tracking procedure of Xtrack (and MAD-X) the map is implemented with re-

spect to a different quantity sk, which we will denote with k, and which represents

half of magnetic field strength b,: k = %. Lets := sin(%) = sin(“F) and ¢ := cos(“F);

then we can rewrite M using the trigonometric identities:

cos(20) =2cos’f —1=1—2sin’f — CZZC 1 2_1-C

sin(20) = 2cosfsinf = sc = 5
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as the following transfer matrix

[ 2 © e %_
—kes 2 —ks® cs
M = ) ,
—cs —% & g
ks> —cs —kes 2

27

which, with relatively little effort, can be verified to correspond to the implementa-
tion of the tracking procedure. We have the following map (note the change in  is

analogous to the drift):

x < (xcos (0) +ysin(0)) cos (0) + b%(px cos (0) + py sin (0)) sin (6)

Py —% (xcos (0) +ysin (6))b,sin (0) + (px cos (0) + py sin (9)) cos (0)

y < (ycos (0) — xsin (0)) cos (0) + b%(py cos (0) — pxsin (0)) sin (6)

py —% (y cos () — xsin (0))b. sin (8) + (py cos (8) — pxsin (0)) cos (6)

(o)

2 2
where p, 1= \/((5 + 1)2 — (bz—zx — py> — <Z’2—Zy + px) ,0 = gz—ﬁ, and L is the length of

p
the thick solenoid.

1.5.8 Tilted solenoid

From solenoid frame (x’-z") to beam frame (x-z) we have the following transformation:

x=x"cos@ — 7' sinf

z=x"sin@ + 2z cos@
The inverse transformation is:

x' = xcos@ + zsinf

7/ = —xsinf + zcosb

We write the potential for solenoid with longitudinal field dependent on z:

BA z/
Ax/ = — 2( ) y/
Ba(z')
Ay/ = 5 X

(1.173)
(1.174)

(1.175)
(1.176)

(1.177)

(1.178)
(1.179)
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We compute the components in the beam frame:
Ay =cosf-A,—sinf-A,
Ay=Ay
A; =sinf- Ay +cosf- Ay

(1.180)
(1.181)

(1.182)

Replacing the coordinates x’, 1/, 2’ and using the notation abuse B4 (z) = B4 (z / cos ),

we obtain:
Ay = — BAZ(Z) ycos
Ay = BAT(Z)xcosé + BAT(Z)zsinG
Ay = — BAT(Z) ysin 6
I do a change of gauge:
Anew = A+ Vf
with: 5
f=- # yzsin®
obtaining:
B
Ay = — # y cos 0

Ay = BA?_(Z) x cos 0

Ba
4BA sin
S Zysin

: 1d
Az = —Ba(z)ysinf — 577

From this we compute the field B = V x A:

_ 1dB, . 1dBs
By(x,y,z) = 5 s xcos® — Ba(z)sinf — Eﬁzsme
1dBa
By(x,y,z) = —EE:VCOSG
B:(x,y,z) = Ba(z) cos6
We call
Byo(z) = Bx(0,0,2) = —By(z) sinf — %%zsin@

B.o(z) = B;(0,0,z) = Ba(z) cos b

We can use the above to express the field:

1 dBZO

Peloy2) =57

1dB
By(x,y,z) = —§d—;0y

B:(x,y,z) = By(z)

X + Byo(2)

(1.183)
(1.184)

(1.185)

(1.186)

(1.187)

(1.188)
(1.189)

(1.190)

(1.191)

(1.192)
(1.193)

(1.194)

(1.195)

(1.196)

(1.197)

(1.198)
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and to expres the vector potential:

B.o(z
Ax o 2702( ) y
Bo(z)
Ay — 22 X
A; = Byo(2)y

1.5.8.1 Generalization to arbitrary tilt and dipolar components

29

(1.199)

(1.200)

(1.201)

If the tilt is not in the x — z plane, and if additional dipolar components are present,

we can generalize the above obtaining the following vector potential:

BZO(Z)
Ay = > y
BZO(Z)
Ay = > X
Az = Bxo(z)y — Byo(2)x

The corresponding magnetic field is:

1dBy

Bulxy,2) = =3

1dB
By(X,y,Z) = _E dZZO y—{— By()(Z)

B.(x,y,z) = By(z)

x + Byo(2)

1.5.9 AC-dipole

(1.202)

(1.203)

(1.204)

(1.205)

(1.206)

(1.207)

The excitation amplitude of the AC-dipole is denoted by A [Tm], the excitation fre-
quency by g, [27t] and the phase of the excitation by ¢. The map presented here is
for a purely horizontal dipole, the map for a vertical dipole is obtained by replacing

Px — Py-

The effect of the AC-dipole is split into four stages. The turn number is denoted by 7.

1. A number of free turns ny,e, in which the AC-dipole has no effect on the motion.

2. Ramp-up of the voltage from 0 to the excitation amplitude A for 7yamp-up turns.

n/ _ N — Nfree

Mramp-up

A
Px — Px—I—n' . ﬁ (149)sin (271q4 - (N — Npgee) + @)
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3. Constant excitation amplitude for ng,; turns.

A .
Py — P+ ﬁ . (1 + 5) sin (27'qu : (7’1 - nfree) + ¢)

4. Ramp-down of the voltage from the excitation amplitude A to 0 for Nramp-down

turns.
" ;o N — Nfree — nramp-up — Nflat — nramp—down
nramp—down
, A .
px = pPx+n ; (14 6)sin (271qy - (1 — Nee) + P)

1.5.10 Wire

For each part we define p; = /(1 + )2 — x”2 — y’2, using the current values for x
and v/'.
Step 1. Initial backwards drift of length L = %bl.

/

/

X —x— L-x—

Pz

y/

—y—L.-—

y—y D

Step 2.

x - sin(ty) Yy’

A CoS <arctan <;—;) — tx) . (1+0)2—y"?

X — x- [cos(tx) — sin(ty) - tan (arctan (x_’) — tx)}

Pz
x/
x' =/ (1+6)2—y? sin (arctan (P_) — tx)
z
. g1 t !
X — X — 4 sm(;) = 3;2 —
cos (arctan (ﬁ) — ty> (1+6)?—x

Yy [Cos(ty) — sin(ty) - tan (arctan (g) - ty)}

zZ

. y
¥y — /(14 6)2 —xZsin (arctan (—) — ty)

Pz

Step 3. Drift part of length L = [in.

~

x—x—+1L-

‘GQ"‘S|>€

NN

y—y+L-
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Step4. Herex; = x —ryandy =y —ry.

cur-10~7
2 2
X Ty

cur-10~7

¥ oy - i [\/(lin+l)2+x1'2+y12_ \/(lin—l)z-l-xiz-i-yiz

y —y — — 2 i {\/(lin+l)2+xi2+yf — \/(lin — )2+ x2 +y?

X2+ y?

Step 5. Drift of length L = lef f — lin.

/

x—>x+Lx—
Pz

/
y—>y+Ly—

zZ

Step 6.

-sin(—t !
X —x— y-sin(~ty) : a

cos <arctan (g—;) + ty) (1+6)2—x2

y—y- [cos(—ty) —sin(—ty) - tan (arctan (y_’) + ty)]

Pz

/

: y
Yy — /(1+6)2—x2-sin (arctan (E) + ty)
/

B x - sin(—ty) . y
o Cos (arctan (;‘—5 + tx> (1+6)2 -y

X — X [cos(—tx) — sin(—fy) - tan (arctan (x—/> + tx)]

Pz

/
x' = 4/(1+6)2—y?- sin <arctan (;—) + tx>
z

Step 7. Shift.
x — x + embl - tan(ty)

tan(t,)
y — y+embl- cos(ty)

. . bl
Step 8. Negative drift of length L = 5%,

~

x—>x—1L-

~ N

y—y—-L-

‘Ns|< ‘r:|><

|
|

31
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1.5.11 Misalignment

Misalignments of elements affects the coordinates at the entrance of an element as
follows

x— (x—x5) te+ (Y —ys) - ts
y— —(x—x5) ts+ (¥ —ys) - e,

where x; and y; are the displacements in the horizontal and vertical directions, re-
spectively. t. and t; are the cosine and sine of the tilt angle for the element.

1.5.12 Electron Lens
1.5.12.1 Hollow electron lens - uniform annular profile

For a uniform distribution of the electron beam between R; and R, the radial kick
can be described by a shape function f(r) and a maximum kick strength Omax:

,
0(r) = ( rf/(R)z) - Omax (1.208)
with 7 = /x2 + y? and Omax independent of r. The shape function f(r) is defined as
I(r 2t [T
f(r) = % =1 /0 ro(r)dr (1.209)

where I is the total electron beam current, I(r) is the current enclosed in a radius r
and p(r) is the electron beam density distribution.
For a uniform profile one then obtains:

0 , <Ry

erR%

8 Ri<r<m (1.210)
1 ’ RZ S r

and 2LIr(1+ Befy) 1
T ePp

Gmax =0(R - S

(Ra) 4reo (Bp), BePpc® Ro

where L is the length of the e-lens, It the total electron beam current, §,,, the rela-
tivistic B of electron/proton beam, Bp the magnetic rigidity, c¢ the speed of light and
€0 the vacuum permittivity. The £-sign represents the two cases of the electron beam
traveling in the direction of the proton beam (+) or in the opposite direction (—).
For hollow electron beam collimation, electron and proton beam travel in the same
direction.

The kick in (x',3") can then be expressed as (note * = cos(¢), £ = sin(¢)):

(1.211)

x' = x" — Omax - :—; f(r) - x (1.212)

r
Y =y — Omax - r—; f(r)-y (1.213)
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If the electron lens is offset by (Xoftset, Yofiset), the coordinates (x, y) are simply trans-
fered to:

X = X + Xoffset (1.214)
¥ =Y+ Yoffset (1.215)
F=1/%2+1? (1.216)
and the kick is then given by:
¥ =1 — Oax - 2 f(F) - % (1.217)

(1.218)

<

r -
Y =Y~ Omax 5 f(7)

1.5.13 Electron Cooler

The Parkhomchuk electron cooler in Xsuite applies a kick to the circulating ion based
on the following equation:

2,4 V .
Fe _ 1’1321] 2€ ‘ d3 In (Pmax + Pmin 1 PL) ) (1.219)
drregm, Vi, Pmin + OL

Where F is the friction force acting on the circulating particle, 7, is the electron density
(per unit volume), g is the charge of the circulating particle, e is the elementary charge,
m, is the electron mass, dV is the velocity difference between the circulating particle
and the local electron velocity. pmax and pmin are the maximum and minimum impact
parameters, respectively, and pr, is Larmor radius of the electrons (also known as the
radius of gyration). Vit represents the total velocity difference between the electrons
and ion, which is given by:

Viet = (/dV? + A} + A2 et (1.220)

Where dV? = dV?2 + clVy2 + dV? is the squared norm of the relative velocity difference
between the ion and electron. To prevent the cooling force from diverging as 4V — 0,
regularization terms are added. The most logical approach is to add the tempera-
tures as regularization terms because they provide the RMS velocity difference when
dV = 0. This is why A the longitudinal electron velocity spread associated with their
temperature is added to Equation (1.220). Lastly, Amagnet is the additional velocity
spread induced by imperfections in the magnetic field of the electron cooler solenoid,
which is given by:

B
Amagnet = C')’B_T (1.221)

Where % is the ratio of the transverse component of the magnetic field with respect

to the longitudinal component. The transverse temperature is not included in Eqau-
tion (1.220) because it is suppressed due to the gyration motion of the electrons in the
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magnetic field. The transverse temperature indirectly plays a role in the Parkhom-
chuk model via the Larmor radius pr, which is given by:

meAJ_
= 1.222
oL B ( )

Where A is the transverse velocity due to the transverse electron temperature and B
is the magnetic field. The minimum impact parameter ppin is given by:

Ze?

ye— (1.223)

Pmin =
The maximum impact parameter determines the maximum length scale at which a

Coulomb interaction takes place, which can be limited by various physical effects,
such as the Debye length and it is given by:

04 = —, (1.224)
Where the longitudinal velocity spread of the electrons A is given by:

kgT
e

A= (1.225)

The plasma frequency wy, represents the natural oscillation frequency of the electron
due to a perturbation in its charge distribution, which is given by:

1,02
R . 1.226
P \/ M€ ( )

The Debye radius is not the only limitation for the maximum interaction length. In
the case where the velocity difference between the ion and electron dV is sufficiently
larger than the velocity spread of the electron A, then the maximum shielding radius
ps is given by:

v

. 1.227
o, (1227)

Os
In principle, it is necessary to compute both p4 and ps and compare them to see which
one is the bottleneck and use that as the maximum impact parameter, which is given
by:
Pmax = min(Pd, Ps)
However, in the code, the two shielding impact parameters are merged into a single
effective impact parameter, given by:

(1.228)

Here, Viot is the total velocity difference between the electron and ion from Equa-
tion 1.220. Combining these effects in one term ensures that the shielding parameter
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reflects the combined influence of the ion’s motion and the internal velocity distribu-
tion of the electron beam, which is affected by the temperature of the electrons as well
as the imperfections in the magnetic field. An advantage of this formulation is that
it ensures that the impact parameter varies smoothly as a function of the relative ion
velocity dV, which changes continuously throughout the cooling process. By using
the combined expression for pgp;elq from Equation (1.228), the code avoids any abrupt
changes in the friction force that could arise from sharp transitions in the shielding
distance.

In addition to pgpielq, the maximum impact parameter can also be limited by the dis-
tance an ion travels inside the electron cooler. This distance-based limit is expressed
as:

Pinteraction = VtotT (1.229)
Where 7 is ﬁ, which is the time it takes for the ion to pass through the electron
cooler. Finally, the maximum impact parameter in the Xsuite implementation is the

minimum of Pinteraction aNd Pshield, Which is given by:

Pmax = MiN(Pshield, Pinteraction) (1.230)

1.5.13.1 Electron beam space charge

An additional effect of electron cooling that needs to be taken into consideration is
the space charge of the electron beam. Moreover, the electron beam will assume a
parabolic profile with respect to the radius, which is given by [10]:

2 2
AE(r) _ &7: 1 (1) ~12 x 10—413 ( ! ) (1.231)
Eo ec 130,)/2 o 0 \Te—beam

Equation 1.231 says that the electrons at the edge electron beam have a larger momen-
tum than the electrons at the center. This means that the ions at the edge of the beam
pipe will reach a larger equilibrium momentum than the ions at the core because the
ions will assume the momentum of the electrons.

The Xsuite electron cooler allows for the inclusion of an optional effect called "space
charge neutralization," which is determined by the parameter "space charge factor."
A value of 0 for this parameter indicates that there is no space charge in the electron
beam, while a value of 1 indicates that the electron beam will follow a parabolic profile
as described in Equation 1.231.

An additional effect due to space charge is the rotation of the electron beam around
the beam axis due to the magnetic field of the electron cooler. The angular velocity of
the rotation is given by [10]:

w— FxB I ~ 60 I
er’B|2 27T€0C7’g_ beam IB,)/ZBH rg-beam IB,)/ZBH

(1.232)

This effect can also be disabled by setting "space charge factor" to zero. A value of 0
indicates that there is no rotation of the electron beam, while a value of 1 indicates
that the electron beam will rotate with the angular frequency described in Equation
1.232.
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Chapter 2

Linear optics calculations

Optics calculation are needed to study the motion around the closed orbit. By defining
z as the vector of 2k coordinates,

z=(z1,...,.z)" = (x = x0, px — Px0, ¥ — Y0, Py — Py0, T — T, P — o)’ (2.1)

one can define linear transfer maps (e.g. Mj_,; that propagates coordinates between
two points s1, s7) and the one-turn map (e.g. M; that combines the effects for one turn
starting from s,):

z(s2) = Mi_52z(s1) z(C +s1) = Myz(s1). (2.2)

In the following we will describe the optics calculation based on the Ripken formalism
described in [11]. A good summary is also given in the MADS physics manual [12].

2.1 Diagonalisation of one-turn matrix

Since the matrices derive from symplectic maps, the eigenvalue spectrum of the one-
turn map M consists of 2k distinct eigenvalues and linearlil independent eigenvectors.
In addition, for the motion to be stable the eigenvalues A, with eigenvectors U]:{t have
to be complex [11]:

Mot = Ao, k=1,...,3 (2.3)
of =), A=) A =1 (2.4)

As the eigenvectors are linearly independent M can be diagonalized with
M=VAV (2.5)

where V consists of the eigenvectors and A of the eigenvalues:

+ J— —
9191 Y11 " U3 _
M

V= (2.6)

_|_ — —_
U120 U1 "7 Uzp
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+

Pl

The same calculation can be carried out with real numbers by the following defini-
tions:

for which vii]. is the component j of eigenvector v

vki = ay *+iby, Alf = COS Jj £ 1sin g, Ui, g, b € R (2.7)
such that:
M =WRW! (2.8)
with
cospyy sinpg
—sinpy €os
R =R(uy) = , (2.9)

Cosyz  sinyj

—sinps C€oOS U3

an big oo azq bz
aip bip - azp bip

W= 2.10)
e bie -+ aze bzge

Usually py is written as py = 27t1Qy, where Qy is then the tune of the mode k.

2.2 Normalisation of eigenvectors

By convention, the eigenvectors and values are normalized, sorted and rotated so that
the following three conditions are fulfilled:

1. Plane 1 is associated with the horizontal, plane 2 with the vertical and plane 3
with the longitudinal plane. This is achieved by first normalizing the eigenvec-
tors vf and then sorting them so that:

\z;;rz]._l\ = \v].jz]._l\ = Iax vy, i=1,...,3 (2.11)

2. The eigenvectors are then rotated with a phase term ¢
v — vk exp(iy) (2.12)
such that
angle(vzzk_l) =0 P = —angle(v,‘&k_l) (2.13)
In real space, Eqn. 2.11 and 2.13 then become equivalent to:

\a]’,z]-_1| = kr:nla2x3 |£lk’]'|, bj,2j—1 = 0, ] = 1,. . ,3 (2.14)

This has the effect that a particle with x = 0 is transformed to % in the normal-
ized phase space.
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3. The sign of by ; is fixed by the symplectic condition on W

WIsw =§ (2.15)
with S defined as
0 1
S=1 -1 0 (2.16)
which is equivalent to:
al -S-by=1, bl-S-a,=-1, fork =1
al -S-b; =0, fork #1 (2.17)
al -S-a;=0, bl-S-b=0, k1=1,...,3

Eqn. 2.17 yields that in phase space g is thus obtained by an anticlockwise rota-
tion of by by 71/2 and a scaling of its length with |a;| = |bl_k|

2.3 Conversion to normalized coordinates

We will show in the following that in the normalized phase space the propagation of
particle coordinates z(s) from s; to s; isjust a rotation by an angle ¢ inthek =1,...,3
planes, while the amplitude I; and initial phase ¢ stay constant, explicitly z(s) is
then given by:

3
z2(s) = Y /2L (ai(s) cos (pro + ¢i(s)) — bie(s) sin (¢ + Pic(s))) (2.18)
=1

and

z(sp) = W(SZ)R(q)k)W(s])_lz(sl), (2.19)
with ¢ = ¢r(s2) — Pr(s1)

This implies that one turn is simply a rotation by ¢, = 27Qy where Q is the tune
of the mode k. In the transverse plane the tune (Qjy) is usually positive and the
particles rotate clockwise, while in the longitudinal plane the tune (Qjyj) is negative
above 7yt leading to an anticlockwise rotation.

For the derivation the following steps are needed:

1. The effect of one turn on the normalized variable Z(s) = W~1(s)z(s) is a rota-
tion:

2(C+s) = Wlz(s + C) BB W-lwRW12(s) = R2(s), (2.20)
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As M and R are symplectic also W is symplectic, and its inverse is thus given by

STIWTS, explicitly:

b1o
—a12

b
—da2

b3p

—asp

—bny
ai
—boy
as1
—b31

as1

b4
—a14

b4
—a4

b3y

—as34

—b13
ai3
—bo3
az3
—bss

as3

bie
—a16

bae
—a26

b3e

—4as3e

—bis
ais
—bos
azs
—bss

ass

(2.21)

2. The one-turn map and W-matrix can be propagated from s; to s; by

My = My oMM},

Wy = My, Wy

(2.22)

As Eqn. 2.20 represents a similarity transformation, the eigenvalues are thus
independent of the position s and as the rotation matrix R consists of the eigen-
values of M, the angle of the rotation y; = 27Qy is thus also independent of

S.

3. As Eqn. 2.8 represents a basis transformation from the standard IR? basis to the
eigenvector basis, the vectors a; and by are projected onto (Eqn. 2.17):

i, = Wlay = —SWTSa,

= —S(a1Say,b1Say, ..
by = Wb, = —SWTsh,

= —S(a1Sby, b1 Sy, . ..
by = Wby = —SWTSb;

= —S(a1Sb3, b1 Sbs, . ..

in the normalized phase space.

., b3Sa)T = (1,0, ..
,b3Sb)T = (0,1, ...
,b3Sb3)T = (0,0, ..

.,0)

(2.23)

1)

4. From Eqn. 2.20 it follows that the amplitude [; and initial phase ¢y of Z =

Wz = (24, 2b,, - -, Zy)

tangyg = —=—

Zp,

ak

(2.24)

(2.25)

are constants of the motion. The initial phase is defined with a minus sign in
view of the definition of the Twiss parameters, where the initial phase is then
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added (and not subtracted) to the phase advance. The components of Z are then

explicitly given by:
3
Zak = Z bklszQj,1 - bk,2]'_122]', k= 1,...,3 (2.26)
j=1
3
Zbk = Z Elk,2]'_122]' - ﬂk,szijl, k = 1,...,3. (227)
=1

An arbitrary vector z(s) can thus be written in the following form:
z(s) = W(s)Z(s)

=W(s (Z Zg 0 + Zbkbk>
; Eqn 223 3 3
= Z Zo,W(s)ay + 2, W Z k + Zy, by

3
Eqns. 2.24,
s 22425 Z V/ 21 (ax cos ¢ro — by sin o) (2.28)

2.4 'Twiss parameters

In the following the parameter k will always be used for the mode k and the parameter
j = 1,2,3 for the horizontal (x, px), vertical (v, py) and longitudinal plane (g, d) in the
phase space. z5;_1 then stands for the coordinates (x,y, {) and zy; for (px,y,9).

The Twiss parameters can be introduced by writing the components of the eigenvector

basis (a(s), bi(s)) as the product of two envelope functions \/,Bk,j(s), \/'yk,j(s) and
phase functions ¢ ;(s), ¢k i(s) = ¢x,;(s) — arctan(1/ay ;), also called Twiss parameters

or lattice functions, with
\/ Bk ( )cosgbk] s),

(
\/Brj(s)singyi(s), k,j=1,...,3 (2.29)
\/ Vk,j(8) cos Py i(s),
bioi(s) = \/Vkj(8)singyi(s), k,j=1,...,3 (2.30)

where By i(s), ax i(s), 7k,j(s) represent the projection of the ellipse of mode k on the
plane of coordinates zp;_1 — zok.

Using Eqns. 2.18, 2.29, 2.30 and cos(x + y) = cos x cosy — sin x siny, the coordinates
z(s) can be expressed by:

3

22i-1(5) = Y, +/2IeBr,(s) cos (¢ (s) + o) (2.31)
\/ 2Ikvk,j(s) cos (Pj(s) + Pro), =1, (2.32)

Ak,2j—-1(8

ak,2j S

(s)

b2j-1(s)
(s)
(

=
—_

e

Zz] =

i
—_
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Conversely the lattice functions can also be expressed by a; and by with

Bii(s) = akpj—1(s)* + byoj_1(s)* (2.33)
agj(s) = —ar2j-1(8)ar2;(s) — brzj—1(5)br2i(s) (2.34)
Thj(5) = ar2j(s)? + bioj(s)?, (2.35)

The well known relations between the lattice functions

3
Y Brjdr,; =1 (2.36)
j=1
Lt :
Ykj = T, with (2.37)
7)
L.

can then be derived with the help of the normalization condition (Eqn. 2.17)

alSby =1 (2.39)
by the following steps:
1. Asx’' = gif Ly = dy and 6 = dé the following relations hold also for a; and by:
Ar2j = i1 = ; (ar2j-1), (2.40)
br2j = bl/c,z]'—l ; (br2j-1), k,j=1,...,3 (2.41)

2. The normalization condition Eqn. 2.17 can then be written as

QESbk = i \/ Bk,j €O ¢y <\/,3k,j sincpk/j>/
]:
_ ( /5k,j cos qﬁk,j)/ \/,Bk,j Sin47k,j
= iﬁk,j‘i’l/c,j
j=1
_q (2.42)

Note that Eqn. 2.42 yields the the following relation between the phase advance
¢ and B in 2D:

0) + / 0 %ds? (2.43)
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3. Using the abbreviation ay ; := — 1B kj, one finds for each mode k and plane j
VVKjCOS Prj = Ao = A pi 1 = (\/,BT,]'COS i) (1)
VSN = by = bioi g = (\//37,]' sin ¢y, ;)’ (2)
R Pty + o ¢§k+ % , kj=1,...3 (2.44)
/]

which simplifies in the 2D case to:

Eqn. 242 1+ a2

2.45
B (2.45)

2.5 Transformation to normalized coordinates

The W matrix can be used to transform normalized coordinate into physical coordi-
nates and viceversa:

X £ VexX
Px px \/gﬁx
N I e (2.46)
Py Py VEyPy
4 4 VEG
Pe P¢ VEPe
where
(2 px 7 50 C c) (247)

are normalized coordinates in sigmas and ¢y, ¢, and ¢; are the geometric emittances.

2.6 Action, amplitude and emittance

We define the action associated to the three modes:

2 + 7+ 7 17
Jx = Tx, Jy = 5 J; = > (2.48)
The corresponding amplitudes are defined such that:
Ay =[R2+ P2 = /2], (2.49)
Ay =\ /9?+ ﬁﬁ = /2]y (2.50)
Ag=\/C+p2=/2]; (2.51)
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A Gaussian distribution is defined such that the density with respect to each action
can be written as:

f(Jx) = Kel/ (2.52)

where the emittance ¢, can be written as:

sa=<]x>=/jJUﬂdh (2.53)

2.7 Dispersion and crab dispersion

A

For a particle having no betatron amplitude (£ = px = § = p, = 0) we can write:

x = Wis{ + Wigpy (2.54)
¢ = Wiss{ + Wsef; (2.55)
pr = Wesl + WesP; (2.56)
2.7.1 Dispersion
The dispersion is:
dx
pr _ Gx _
Dy = 7 for ¢ (2.57)

{=—72p (2.58)

We replace in Eq. 2.56:

. WesWse ) -
= (W 2.59
Pg ( 6 Wee (2.59)
From Eq. 2.58 we obtain:
. Wse ( w65w56) -1
= ——— [ Wgs — 2.60
4 o | Ve We 44 (2.60)
Replacing the last two into Eq. 2.54 we obtain:
WisWse WesWse \ "
= Wi— ——— Weg — ———— 2.61
X ( 16 Wes 66 Wes pe (2.61)

WisW: WesWsg\
DY — (W16_ 15 56) <W66 ~ Wes 56) (2.62)
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A similar type of calculation can be done for the other planes, and for the transverse
momentum dispersion, obtaining Dgi: which gives the dispersion:

WosWse WesWse \ !
px ( 26 Wss 66 Wss ( )
W35 Wse WesWise \ !
DI = (Wag — —22) [ Weg — ——2 2.64
y ( 36 Wiss 66 Wss (2.64)
Wys W, Wes W, -1
DPe — (W, — 22457Y56 ) (a7 PY657V56 265
Fy ( 46 Whss 66 Whss (265)

2.7.2 Crab dispersion

The crab dispersion is:

dx
DS = + forp;=0 (2.66)
By imposing p; = 0 in Eq.2.56 we obtain:
R Wes »
= —— 2.67
Pe= "W ¢ (2.67)
We replace in Eq. 2.55:
- WsWes \
{ = (w55 - 65) ¢ (2.68)
66
From Eq.2.67 we obtain:
" Wes WssWes \ '
=——— | W55 — 2.69
Pe Wee ( 55 Wee ) 4 (2.69)
Replacing the last two into Eq.2.54 we obtain:
Wi6Wes WssWes \ ™'
= | Wis — Wss — 2.7
v = (Wig - T ) (g Meti) g @70
which gives the crab dispersion:
W16W65 W56W65 !
D§ = (W5 — —8765 ) (W — —265 2.71
* ( 15T T )( 55 Wee (2.71)

A similar type of calculation can be done for the other planes, and for transverse
momentum crab dispersion obtaining:

-1

7 _ _ WosWes Wee — Ws6Wes 272

P, (WZS Wes ) ( » Wee 2.72)
WieWes Wi Wes \ 1

DS = — Wss — 2.73

Y (W35 Wee 55 Wee (2.73)

WisW, WissWes\ !
Df, = (W45 - Wi 665) (W55 W 65) (2.74)
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2.8 Linear betatron coupling
The following is based on [13] and [14].

In the presence of betatron coupling the transverse on-momentum motion can be
written as:

Xp = A1 08 2mQ1(n —1) 4+ ¢p1 ] + Apxcos [2tQa(n — 1) + o x| 2.75)
Yn = Al,y cos [27‘(Q1(Tl — 1) —+ ‘Pl,y} —+ AZ,y Ccos [27‘[Q2(ﬂ — 1) + (ley}
We can define:
—|A Al
= Ayl /Ay (2.76)
I = |A2,x| / |A2,y‘
Ady = _
P1= Py~ Pix 2.77)
Apo = o x — oy

These quantities can be obtained from the normalized W matrix as:

1T = 4/ W?%l + W322/W11 (2 78)
rp = \/ W2 + W2,/ Wss

A1 o = arctan (Wzp/Wa) 2.79)
A¢n o = arctan (Wyy/Wi3)
From these we can compute the following quantities as [14]:

2 —
| = Vrir2 [Q1 — Q2| 2.580)

(1 + 1’11’2)
X(s) = Ap1o(s) (2.81)
C™(s) = |C™|eixl®) (2.82)

where Q; and Q> are the tunes of the betatron eigenmodes. Note that only the phase
of C~(s) is s dependent.

It is possible to prove that C™ is related to the skew quadrupole strengths along the
ring by the following relation:

. L )
C™ = |C|ex = % / B Bykse![Px Py 27/ gy (2.83)
0

where A is the difference of the unperturbed fractional tunes.
To have a more robust estimate, Eq.2.80 is evaluated at all s positions and averaged
over the ring, as suggested in [15].
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Synchrotron radiation

We collect here some relevant properties of synchrotron radiation [16]:
We assume B = |B | |.
Classical particle radius:

ro = Q?/ <4m—:0moc2> (3.1)
Curvature, rigidity, field:
1_QoB_ 08 62
PP mochy
Emitted power:
B 21’0C3Q2‘32’)/2B2
P = 32 (3.3)
Critical frequency:
_ 308%/°B
We = 2o (3.4)
Critical energy:
3QnB**B
E'yc = hw, = W (3.5)

Number of photons per unit time:

. 15V/3 P 60v3rcQB

p — 3.6
) 8 En 72 R (3.6)
Average photon energy:
_8V3_  8/3Qnp*y’B
(Er) =5 Bre = T5 = o0 (3.7)
Photon energy variance:
11 11 Q*h*B4*B2
2\ _ 2 2
<E7> ST N mg )

47
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<r‘zsA(52>:<ﬁSE%> 11 1 QW2A*B260vV3cQB Q2

== 3.9
E3 12 m3ct3 m3 72  h 4megmoc? (39)

The algorithm to generate photon energies with the appropriate distribution in de-

scribed in [17].

3.1 Damping from synchrotron radiation

The damping constants from synchrotron radiation can be easily obtained from mag-
nitude of the eigenvalues of the one-turn matrix:

ax = — log(| ) (3.10)
ay = —log(|Ayl) (3.11)
a; = —log([A¢]) (3.12)
The damping acts such that:
1 dAy  ay
Ada T, (3.13)
where T is the revolution period. From Eq. 2.49 we obtain:
Ay 20y

By averaging over the beam distribution we obtain:

dey 200y

3.2 Equilibrium emittance

This section is based on the approach described in [18].

To account for the kicks experienced by the particles due to quantum excitation we
note that the transverse momentum change due to an energy kick in the direction of
the particle motion can be written as:

phew _ pold prev (3.16)
Xy T TXY pold '
From this:
pnew _ pold
PRoY — oyt = PRy (T) (3.17)
Dividing by Py:
PJI(\;W _ Pacc)}; B P)(c)};l pnew __ pold Py (3 18)
Py ~ B Py pold '
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Using the accelerator coordinates definitions (Eqs. 1.13 and 1.14), we obtain:

Apry = 1’7 Sy (3.19)

The corresponding change in normalized coordinates can be computed from Eq. 3.20:

AX . 0
X
Apx T4o™
AT 0
Y ol=w (3.20)
AT 0
Apg AS
Using the Eq.2.21 we obtain:
A% = K AS (3.21)
AY = KA (3.23)
Apy = Kp,AS (3.24)
A, = K;AS (3.25)
Apg = Kp, A0 (3.26)
where:
a +a
Ky = w + a15> (3.27)
b11px + b3
Kp. = —pi y; Py 4 bis (3.28)
a +a
K, = 21P91c - (523Py n a25> (3.29)
bo1px + b3
Ky, = | 2 bz5> (3.30)
az1pPx + a3z
ko= |5+ a35> (331)
b31px + b33
Kp, = —p; y; Py 4 1735> (3.32)

The change in action (see Eq. 2.48) associated to the first mode, due to the emission of
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a photon can be written as:

B =5 (4 82) (px + Bp2)* — 2 — ] (3.33)

NI = N —

[A£2 + AP +28A% + 2;§xAﬁx] (3.34)

Averaging over all particles in the beam we obtain:

1
Mex =< A >= > (< ARE > + < AP? >) (3.35)
Using Egs. 3.21 and 3.22 we obtain:
1
Aex =< Ay >= 5 (/Ci n lC,%x) <A > (3.36)

Assuming that the kicks are uncorrelated we can obtain the emittance growth rate
from quantum excitation integrating over a full turn:

dsx o 1 C 2 2 . 2
<W>quam = 57 /0 (K2+K2,) < Nag? > ds (3.37)

where N is the photon emission rate (number of photons per unit time), Tp is the
revolution period, C is the circumference.

By summing Egs. 3.15 and 3.37 we obtain the total instantaneous growth rate:

dey dey dey 200y 1 /C 5 ’ _
0= =X = _ — NA6 d
dt ( dt )damp ! ( dt >quant To . 2Tpc Jo <ICX i ICpx) < -

(3.38)

By imposing the derivative to be zero we obtain the value of the equilibrium emit-
tance:

1
" dac

C
e /0 (K2+K2)) < Nag® > ds (3.39)

In the ultra-relativistic approximation:

< N(AE)? >

< NAS? >= .
EO

(3.40)
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3.3 Radiation integrals
Xsuite can compute the following radiation integrals:
I = 7{ (hoyDx + gy Dy) ds
L= j'{ (|2 ds
j- j{ Ih|? ds
Ty = ]5 (112h0x + 20y ) D dis
Ly = § (11Phoy — 2hyder) D, ds
Iy = I+ Iy = 7{ (241 (1eDx — yDy) + 12 (hoxDs + 10y Dy)| di
Ise = § 1Hs ds
Isy = § 1%, ds
The following quantities are used in the calculation.

* Horizontal and curvature of the particle trajectory:

B
hx — yQ
mocy
B
jy = BxQ
moCy

¢ Total transverse curvature and relation to the transverse magnetic field:

b TR

which is related to the transverse magnetic field by:

B _ /—B§ n B§ _ hmoSC’)’

¢ “Curly H” functions:

Hy = D2 + 20, Dy D, + B, D'?
Hy = nyj + 2a, D, Dy, + @D;Z
/

XY
using the relation:

¢ The derivative of the dispersion D

mentum dispersion D),

de,y . dx' . d px,y .
& —do doirs (T OPr TPy

/
Dx,y =

51

(3.41)
(3.42)
(3.43)
(3.44)
(3.45)
(3.46)
(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)
(3.54)

can be obtained from the transverse mo-

(3.55)
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* hoy and hoy are the curvatures of the reference trajectory. The path length on the
particle trajectory is related to the path length on the reference trajectory by:

ds’ = (1 + hoxx + hoyy) ds (3.56)
The radiation integrals can be used to compute the following quantities (where Cy

is the ring circumference, r is the classical particle radius, 7 is the reduced Planck’s
constant) :

¢ Momentum compaction factor (unitless):

I
= 3.57
L% Co ( )
* Energy loss per turn [Js~!]:
2
U, = gcrolsofy?’fz (3.58)
¢ Damping partition numbers:
I
Je=1- }iz" (3.59)
I
Jy=1- sz (3.60)
I
J, =2+ ﬁ (3.61)
which satisfy Robinson’s theorem:
Jx+y+].=4 (3.62)
* Longitudinal damping rate in [s~1]:
3
croy
= 2L +1 3.63
% = 36, (2L + Ly) (3.63)
e Transverse damping rates in [s~]:
3
cro’y
= Ih—1 .64
Ky 3G, (I — Isx) (3.64)
3
croy
ny = 3G (I2 — Iyy) (3.65)

¢ Energy spread (unitless):

»  55V3hy? I

%7 796 moc2h + I (3.66)
¢ Transverse equilibrium emittances in [m rad]:
=BV I (3.67)
96 moc Ip — Iy
e, = S5v3hy? Iy (3.68)

96 mpcC 12 — I4y
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3.3.1 Derivations
3.3.1.1 Energy Loss and Second Radiation Integral
From the instantaneous radiated power,

%c3ronE2B2 2
3 (moc2)® 3

The energy loss per turn is obtained by integration around one turn.

P = croEq°|h|? (3.69)
U, — /Ps £ df ~ —jfps _ —croE'y }[|h|z ds’ (3.70)

We can assume (foxx + hoyy) < 1, obtaining:

2
Us = gcroE'y3I2 (3.71)

where we have defined the second radiation integral:

I = ]é Ih[? ds (3.72)

3.3.1.2 Longitudinal Damping Rate and Fourth Radiation Integral

Following Hofmann's analysis, the longitudinal damping rate can be written as [16]:

1 1 dus
te =57 —4F (3.73)
We calculate:
dus 1d N g 1d
= R s = Ed_E]{PS (1 + hoyx(E) + hoyy(E)) ds (3.74)
Using the dispersion to express x(E) and y(E):
du. d1
= 7{ P, (1 + hoyDyd + hoyDy5) ds (3.75)
The derivative w.r.t. E is related to the derivative w.r.t. § by:
d dé d d (E—-E i:ii (3.76)
dE _dEds dE\ E, Jds  E,ds

Writing out the derivative then gives:

du 1 [dP. P d
1 dPs

_ o (1+h0:Ds8 + oy Dyd) + E_o > (hox Dy + hoyDy) ds (3.77)
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The derivative of P; w.r.t. E can be rewritten as:

dprs 1 dBdx dBdy

The derivatives of the positions w.r.t. E are related to the dispersions through Eq.3.76
dx 1dx 1

GE-Ed E_oDx (3.79)
dy 1dy 1
dE ~ Eydé  E Dy (3.80)
Using the fact that B = | /B% + B, the derivatives of B w.r.t. x and y are:
OB B,dB, B,0B,
ox  Bor | Boax 81
0B By0dBy  BydB,
The magnetic field gradients are defined as:
0By, 9B, . yomoc
oy G = 0o k1 (3.83)
an . aBy A ’)/OmOC_

Here, k; is the normalised normal quadrupole strength and k; is the normalised skew
quadrupole strength, both in units of 1/m?. In the following we neglect the skew
quadrupole component and we assume that for the closed orbit we can assume y =~
Yo, obtaining:

dPs 1 1 ympck

=5 —op,

dE E ' E Qo B?

The curvatures in Egs. (3.49), (3.50) and (3.52) can be substituded, which gives:

(B,Dy + ByD )} (3.85)

dPS PS 1 1 kl
9 ~2F lf e (hxDx — hyDy) (3.86)

Substituting Eq. (3.69) gives:

dP; 4 2
5 = écroE')/3 M —k1 (h«Dx — h Dy)} (3.87)
Substituting this expression back in Eq. (3.74) gives:

dus 2 croE’y
dE ~ 3

h)? k
7{ { 21 4 e+ rogy) + E; (hxDx — hyDy) (1+ hoxx + hoyy)

2
+ 2 gy, 4 hOyDy)} ds (3.88)
0
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The first term can be identified as I, again we assume that ho,x + hoyy < 1 and, as
stated above on the closed orbit we assume E/Ejy ~ 1. Hence, we can write:

du, 2
S {212+ 74 {2k1 (heDy — hyDy) + \h\z(hOXDx+h0yDy)} ds} (3.89)

dE 3

The last integral is identified as the fourth radiation integral, I4, given by:

Iy = f {2](1 (hxDy — hyDy) + |1|* (hox Dy + hOyDy)} ds (3.90)
Hence we can write:
dus, 2
1F —3707 2L+ 1) (3.91)
The longitudinal damping rate is obtained by substituting this expression in Eq. (3.73):
1 3
te = = 21, 4 1) (3.92)
3 Trev

3.3.1.3 Energy Spread and Third Radiation Integral

From Hofmann, the variance in the amplitude of a damped oscillator that is excited
by a short pulse ad(t) is given by [16]:

2\ _ 1 {a?)
<x > - (3.93)
Here, x is the deflection of the oscillator, 71 is the average rate at which excitation
occurs, a is the amplitude of the excitation and « is the damping rate of the oscillator.
For quantum excitation of the longitudinal emittance, we identify x as the RMS energy
dE, n1 as the average rate of photon emission, a as the photon energy and « as a., the
longitudinal damping rate. The normalised variance is then:

(de2) _1(E)
EZ  4a.E2 (3.94)

The rate of photon emission is given by:

o _ 60v/31ocQB

7R (3.95)
The variance in the photon energy is given by:
11 Q2?4 B2
2 = —_——
()= 52 a0

and the longitudinal damping rate is given by Eq. (3.92): Combining all these terms
leads to
(dE?) ~ 60v3113r0cQB Q°W*y*B* Cp 1
E2 72 124 h m3EZ  croy® 2 + 1y

(3.97)



56 CHAPTER 3. SYNCHROTRON RADIATION

This simplifies to
(dE?)  55\3Q%myB3Cy 1 (3.98)
E2 96 miEZ 2L+ '
The curvature / can be substituted for B, which gives
(dE?)  55+/3hmgy*c*Cy KB (3.99)
E2 9% B2 2L+ '
Now averaging over the entire circumference of the ring gives
(dE?)\  55VBmy2Coc; 1 ds’ 553 hn? § 3 ds .100)
E2 /9 myc 2L+I 96 moc2L+14 '
ring
The integral in the numerator can be defined as
I = 7{ h®ds’ = ]f |1]?(1 + hoxx + hoyy) ds (3.101)

This is the third radiation integral. This way, the energy spread becomes

2
<<dE >> _55V3hy? I (3.102)
ring

E% 96 moc2, + Iy

3.3.1.4 Transverse Damping Rates

The derivation in this section is valid for either x or y. To this end, u will be used
as a substitute for either x or y. The goal is to find the rate at which the transverse
emittance, €,, decreases. The emittance is given by

€, = ’yuu% + Zauuﬁul’g + ,Buu;sz (3.103)

Here, subscript B indicates that the betatron component of the coordinate value. The
total coordinates, u and u’ are a combination of the to betatron and an energy devia-
tion ¢ parts, that is

u=ug+us (3.104)
u = u;s + us (3.105)

When a photon is emitted, the coordinate does not change. This means that
du = dug +dus =0 (3.106)
The change in position due to an energy deviation is related to the dispersion through

dE dE
duy = D,dé = Dy— = —D,—2 (3.107)
Eo Eo
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Therefore

—

Eg
where dE, is the energy of the emitted photon. The angle is allowed to change due to
the photon emission, that is

duﬁ = —du5 = (3.108)

du’ = du;g + duj (3.109)

We want to express du’ in terms of the photon energy. To this end, assume that the
particle before photon emission is on-momentum, such that

uy = ug (3.110)
Following Hoffman we can write [16]:

dE
ups — g = dug = — (ufs — D') = (3.111)

Note that the emittance only depends on ug and ”;3- The change in emittance is:
de, =2 (fyuuﬁ dug + a, (ug du;s + u;g dug) + 'yuu% du%) (3.112)

Substituting Equations (3.108) and (3.111) gives

B dE, , dE, dE, ~ dE,
deu—Z{'yuuﬁDuE—oJrocu(—uﬁ (uﬁ_D)E_O+ ﬁD ) [Su ( _D>E_o
(3.113)
dE, ,
— —ZE— [((xuuﬁu’ﬁ + ﬁw%) — ('yuDuuﬁ + ocx(Duuk + Dyug) + ﬁMD;u’ﬁ)}
(3.114)

The instantaneous power radiated by a particle undergoing betatron oscillations can

be expressed as:

du

Using the chain rule for the derivative gives:

Py = Ps +

g (3.115)

dp; dP,dB P ( dB 9B, dB 9B, P, (. 9By 3B,
du  dBdu B <dBw ou ' dB, 8u) B? (Bw T ) (3.116)

Here, w denotes the other component from u. That is, if u is chosen to be x, then
w = y and vice versa. As has been done in Section 3.3.1.2, % represents the skew

quadrupole gradients, whereas aaB . The
following step is similar as deriving Eq. 3.86, which results in

dP; P; 9By hy

Py —Buw—— » =2P— ki ~k1 (3.117)
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The radiated power then becomes
iy k
Py =P |1+ th 1Up (3.118)
The energy radiated in a time interval ds’/c is then given by

/
dEl)/ — PS/dCS

1—1—2h

2 kluﬁ} dS

hy
1 + 2ﬁk1uﬁ] (1 + h()uuﬁ) ds

r3|<,’}ti <'a|m’ti n|v’§

hy,
(h()u + th k1> uﬁ] ds (3.119)

Here, only the u-component of hy was used, because we study betatron oscillations
only in the selected place. Furthermore, terms of second order in ug were neglected.
This result can be substituted back in Eq. 3.114, which gives

Ps hy,
d = —ZTO |: (h()u +2h2k1) M'B:|

2
[ (wutepi + Bu?) — (vuDutty + ae(Dutt + Dig) + BuDisy ) "
(3.120

Using the same reasoning as before, the odd terms average to zero. This means only
the even terms need to be kept. This results in

o Ps / 2
de, = —ZE { (auuﬁuﬁ + ,Buu[;)

hy
(hOu + th kl) (’y”D”u% T “x(D”uﬁu% + D;u%) + ﬁuDiluﬁbl%) ] ds

(3.121)
The averages of the squared terms are
< > — euﬁu (3.122)
<M/3MIB> = —%eu(xu (3.123)
<uﬁ> — 1eu'yu (3.124)

Substituting these averages gives

P 1 1
de, = _Zﬁ { (_Eo‘%eu + Eﬁu')’uﬂt)

hy 1 1 1 1

(3.125)
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Note that B,vu — tx%, = 1 and that the cross terms between «,, 8, cancel. This way, the
expression simplifies to

P, h
de, = —euE—; {1 — (hOM +2h—gk1) Du] ds (3.126)
To arrive at the change in emittance per unit time, we divide by Trey
deu . PS hu
—— e, 74 e [1 (hOu + 2ﬁk1) Du} ds (3.127)
Finally, Eq. 3.69 may be substituted, which results in
de 2 crgy?
= s (O:Z [hz - <h2h0u +2huk1) Du] ds (3.128)

Here, the second radiation integral is identified. Furthermore, the u-component of the
fourth radiation integral is found to be

Iy, = 7{ (hZhOu n 2huk1) D, ds (3.129)
Thus,
de, 2 crgy?
T (I — Isu) (3.130)
This is a first-order ODE, with a damping rate given by
2crgy?
= I —1 131
3G, (L — Iyu) (3.131)

Since the betatron amplitude is proportional to /€,, the 2 in the numerator disap-
pears. This leads to the damping constant

3
gy
=30,

(I — Igu) (3.132)

3.3.1.5 Transverse Equilibrium Emittances and the Fifth Radiation Integral

The derivation in this section is valid for either x or y. To this end, u will be used as a
substitute for either x or y. The change in betatron position and angle when a photon
is emitted, denoted by ug and u% respectively, are given by

OEy

6Ey
I

Here, JE is the energy carried away by the photon. The emittance before the emission
of the photon, €,, is given by

€1 = %ug + 20y gt + 5uu'ﬁ2 (3.135)
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After the emission of the photon, the emittance has increased. The resulting emit-
tance, €, is

€u = vulup + Sup)? + 20, (upg + Sup) (up + dug) + Bu(ug + 5%)2
=€, +2 (’yuuﬁéuﬁ + ocu(uﬁéu;3 + u;sduﬁ) + ﬁuukéu;})
+ Yubug + 20, 6updug + Budug (3.136)
The change in the emittance is then
de, =€p—€,1 =2 (Wuﬁduﬁ + ocu(uﬁdu;g - u%duﬁ) + ,Buu%du@
+ ’yudu% + 21xudu/3du2; + [Sudu%2 (3.137)

Equations (3.133) and (3.134) can now be substituted. which results in

dE,\?
d€u = <’)/MD5 —+ 20(MDMD1/4 =+ ﬁqu) (E—O,y)

dEy

+2 (YumpDa + (gD} + Dy ) + ButD} ) E (3.138)

The terms that are linear in ug and u'ﬁ will average to zero over many photon emis-
sions. Hence:

(a5
(dey) = (7uD3 + 20D D, + Bu D7) At (3.139)
0
To this end, we define H, as

Hy = yuD? +2a,D, D), + B,D}? (3.140)

Thus, the expectation on the change in emittance is

(423
(dey) = Hy 7 (3.141)

0

Now, Eq. 3.94 can be used, on the transverse coordinate [16]:

: EZ
=H =H 3.142
<d€u> u (2) u 405“ (% ( )

This gives a result, very similar to Eq. 3.99

_ 55V3hy? h3H,

- .14
<d€M> 96 mOC 12 — I4u (3 3)
Integrating over the entire ring gives
_ 55V3hy? 1 5 /
(€u) = 9% moc Iy — Luy fh H, ds
55v3hy? 1
~ 9% mzc L — I 7{}13%” (1+ hoyu) ds (3.144)
u
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Again we assume hg,u << 1. We can then define the fifth radiation integral, I5,, as
follows:

Is, = 7§ 13H,, ds (3.145)

The expectation value of the emittance can be written as:

(ea) = 55V3 hy?  Is,
we 96 m0c12—14u

(3.146)
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Chapter 4

Synchrotron motion

We collect here some relevant properties and quantities of the longitudinal particle

motion.
Definition of momentum compaction factor:

o AC/C
s
Slip factor:
Afffo_, 1 _1 1
I

(positive above transition)
Slippage over a single turn:

Al = —PocAT = —poc(T — To) = —Poc (% = %0)
_ Boef 1\ PBocAf _ Pocs
T fo <1+Af/fo 1) — fo fo Ufo 1o

RF kick

AE = qVRF sin (27‘[thth + (PRF)

— qVRF sin (—27‘(th% + 47RF>

= qVgrsin (—ZﬂfRF% + (pRF)

from which:

AE qVRrre . 4 )
Bt ) 5
,B%EO ﬁ%EO sin ( nfRF,BoC + ¢rF
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(4.1)

(4.2)

(4.3)

(4.4)

(4.5)
(4.6)

(4.7)

(4.8)



64 CHAPTER 4. SYNCHROTRON MOTION

4.1 Linearized motion

We expand around the fixed point Jo:

qVRE . ( Co ) 279 fREVRF ( Co )
Ap; =~ sin | =27 frp—— + - — cos | =27 frr— +
Pe B2E, frE Boc $RF B Eoc (¢ — o) fRE Boc $RF
4.9)
We call synchronous phase:
Ps = —27TfRF£ + ¢rF (4.10)
Poc
And we call
{=0-"0o (4.11)
obtaining:
qVRE . 279 freVRE £
Apr =~ sin ps — —5———_ cos (4.12)
P gE T T R ”
We assume that that the energy deviation of the stable fixed point is zero:
27t fre VRE 5
Apr ~ ———— = 4.13
Pz ,B?)E()C cos ¢sC ( )

4.2 Smooth approximation

Assuming that the slippage and the energy kicks are uniformly distributed along the
ring we have:

dp; _ Apg _ 2mqVir

s - C = ﬁSCEoc Cos ¢sC (4.14)

di _ A7 _

3 e (4.15)
where we have used the approximation:

IL1=06~p; (4.16)
We derive the second equation and replace the first:
05
46 2MNSREVRE (oo 8 — 4.17)

ds? ‘B(S)C Eoc
The motion is stable if

ncos¢s <0 (4.18)
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In that case the solution is in the form:

{(s) = Asin (\/—w Cos ¢ss + B) = Asin (21Qss/C + B)

ﬁ%CE()C

where the synchrotron tune is given by:

_|_2mqnfreVRE C _ | qnfreCVgr
QS_\/ BACEqc COS‘PSZn_\/ onfiEc P

We replace

_ hrrBoc
fre = C

obtaining;

Qs = \/ — % COS (s
The solution can be written as:
{(s) = {4 cos (2Qss/C) + Bsin (271Qss/C)
Replacing in Eq. 4.15:

_2mQs
p; = 17C

Replacing s = 0:

(= asin (271Qss/C) + B cos (2Qss/C))

from which:

nC
“2n0. P = ~hebis

where we have defined:
_ nC
- 2rQs

Pt
Replacing
C(s) = ¢acos <27‘(Q5%> — pg B sin <2an%>

pe(s) = ba sin (27‘CQS%> + p¢, cos (27‘(Qs%>
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(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)
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4.3 Hamiltonian of the synchrotron motion

In this section we use the time in the laboratory frame as independent variable as
done in the PYHEADTAIL longitudinal treatment. In this section we also include the
effect of a reference momentum change of AP, per turn.

We assume small energy deviations, hence we can consider the coordinates (g, ) to
be canonically conjugate (6 < 1 =6 ~ py).

The longitudinal motion can be described by the following Hamiltonian:

) ﬁoC APQ qO 1 _ g '
H(Z,9) = 217,3 c6” + == A 22 - V; cos ( Znhlc + ¢; (4.31)

This can be proven using Hamilton’s equations:

¢ 9H
at = a0~ Mhoce (4.32)
do . o0H . ,B()C APO q0 g .

E = a—g C PO + P()C Ei V sin 27'(h + (P, (433)

The coordinate change over one revolution is:

_dg C
— 4.34
_ds C APO 4
STy R 5ocpo 2 Visin < amhic "’1) (3)

which are consistent with those found in Sec. 4.

4.3.1 Fixed points

The fixed points can be found by imposing Al = 0 and A = 0. If only a single
harmonic is present a closed solution can be found:

APQ q0
— +
Bocko
We want to get an exphc1t expression for (:

Apoﬁoc
qoVRr

VRE sin <—27‘(th% + (Pl> =0 (4.36)

= sin (—271’]’11{1:% + (])1) (4.37)
There are two families of solutions:

AP,
arcsin (ﬂ> +2nmw = —27thRF 4 + ¢RF (4.38)
g0 VRE

Apoﬁoc

7T — arcsin
( qo VRE

> +2nm = —27T7’IRF 4 + ¢rE (4.39)

where 7 is an integer number. Depending on the sign of 77 Only one family of fixed
points is stable.
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We solve for (:
. C . Apoﬁoc
¢= 2 thae <<PRF arcsin < Vi ) + 2n7r) (4.40)
C . APOIB()C) )
= + T+ arcsin | ——— | +2nm 4.41
¢ 27thRE ((PRF ( 90 VRE (#41)

It is possible to set ¢rr to place a fixed point of either family in { = 0:

¢RE = arcsin <Aq§(€/’iic> (4.42)
¢rF = 7T — arcsin (Aqio—‘}i(;) (4.43)

It can be shown that, to have a stable fixed point in { = 0 one needs to use Eq.4.42
when 77 < 0 (below transition) and Eq. 4.43 when 17 > 0 (below transition).
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Chapter 5

Spin tracking and polarization

5.1 Spin tracking

This section is based on [19, 20].
The spin precession for a particle traveling in a magnetic field B can be written in
term of the precession angular velocity:

QBMT = — [(1 + Cl’)/)BJ_ + (1 + ﬂ)B||:| (51)

Bppart
where 4 is the anomalous magnetic moment and B| and B are referred to the veloc-
ity of the particle.

The precession angle for a particle traveling a path length / is given by:

¢ =[Ol (5.2)

We call: Q
w=-— (5.3)

1Qf

and we define:

tg = cos <£> (5.4)
2
fx = wy sin <§) (5.5)
—wosin(?
ty = wysin <2 (5.6)
ts = w; sin (%) (5.7)
The spin vector of the particle is transformed by the following rotation matrix:
(5 +t3) — (55 + 1) 2(tyty — tots) 2(tyts + toty)
M= 2(txty + tots) (F+1) — (5+1£) 2(tsty — toty) (5.8)
2(txts — toty) 2(tsty + totx) (+15) — (5 +17)
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5.2 Linear transport matrix including spin

The coordinate vector including the spin is defined as:

X
Px
X
Y
Px
Py Sx
2=l z| Weaallzgw=|"Y |, zpm=|s (5.9)
Py
) Sz
s 4
¥ )
Sy
Sz

The corresponding 9D transport matrix can be written as

(Rorb 0)
R= (5.10)
D A

We call ey, . . ., eg the eigenvectors and Ay, ..., A9 the eigenvalues so that
Rei = Aiei (511)

From the definition of eigenvectors (doing the matrix product in blocks), we can write:

Rorb €iorb = /\iei,orb (5-12)
D €iorb 1 A €i,spin = Aiei,spin (5-13)
From this:
D €jorb = (/\iI - A) €i,spin (5-14)
€ispin = ()\iI - A)_l D € orb (5.15)

5.3 Invariant Spin Field - first order computation

This section is based on [21].
We expand the Invariant Spin Field [19] function to first order

n(zop) =no+ N (zorb — z&%) (5.16)

In the following we drop all the constant terms so we simply write n(2zop) = N2zgp.
We now call zipm the ISF at zi’rb, ie.

2P = NP (5.17)
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We call z; the coordinate after one revolution. By definition of the ISF, the spin part
of z; is the ISF at zgrb, ie.

2P = Nzg™ (5.18)

We know from the structure of the one-turn matrix:
25 = Ropp2y™ (5.19)
2P = D20 4 AP (5.20)

Combining, Egs. 5.18, 5.19 and 5.20, we obtain:
NRop2{™ = D20 + AN20™ (5.21)
We specialize it for the case zfrb = ei’rb obtaining;:
AMNeS™ = Def™ + ANeS™ (5.22)

From Eq.5.12, we botain:
De?rb = Aleipm — Aeiloln (5.23)
Replacing into Eq. 5.12, we obtain:

(MI— A)NeS™ = (A1 — A)eP™ (5.24)
If (\I — A) is not singular:
Neg™ = e (5.25)
Combining this result for the six orbital eigenvectors:
(Nefl)rb ... Negrb) — (eipi“ c. eZPin) (5.26)
In matrix form: .
NEorb — Espin = N= Espin (Eorb> B (5.27)

We note that the last column of the matrix IN provides the derivative ‘é—’g which is
relevant for the computation of equilibrium polarization.

5.4 Equilibrium polarization and polarization time

This section is based on [21, 22, 23, 20, 24, 25].
In the presence of photon emission, the polarization of the beam evolves following

the equation:
t

P(t) = P(0)e i + Poq (1—¢ ) (5.28)
The equilibrium polarization and the buildup time can be computed as:

8 w_

Pog= —m— .
=5 Ba. (5.29)
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1 5V3rhy?
tot — g Me

Cay (5.30)

where, truncating to the first order the dependece of the ISF on the phase space coor-
dinates, we have:

1 ds 2. .., 11]on]?

1 ds o on
AL {’B (mo = WL (532

The buildup time can be decompoesed in two terms:

TtO’fl pol + Tdepol (5.33)
where:
_ 5\/§r rehy® 1 ds 2 .
1 e 2
— = . 5.34
= e e (1m0 (539

1 5\/51’6?1')/51 ds |11 |9n 2
Tdepol = T8y, C lo(s)]® | 18 | 96

] (5.35)

5.5 Monte Carlo method for equilibrium polarization
This section is based on [23, 26].

We can define: ; R
8 § |p(ss)|3 [zB ) (nO)}s

Py = 5 (5.36)
V3§ e 1= 30 &),
The equilibrium polarization and the buildup rate can be written as follows:
1
Peq = P T (5.37)
Tdepol
Tiot = Tool + Taepol (5.38)

The term Tyepo1 can be evalated using particle tracking, accounting for quantum exci-
tation from synchrotron radiation. Unlike the approach used in the previous section,
this method accounts for the non-linear dependence of the ISF on the phase space
coordinates. Using Tdepol We can get from Eqgs. 5.37 and 5.38 estimates for Peq and Tiot
that include non linear effects.



Chapter 6

Coasting beams

In coasting beams different particles have different revolution frequencies, depending
on their momentum, particles perform a different number of turns in a given time.

If in the line we have collective elements which need to measure the beam distribution
at a certain location s and at a given time f, we need to ensure that all particles present
a s at the instant ¢ are present at the element.

We define for each particle and for any couple of positions s; < sy:

52 — 851

A 1
Sy =——t 6.1
Blsrs2) = iy =iy (6.1)
We choose an auxiliary value Bgim such that at all times:
B(s1,52) < Bsim for all particles and any sy, s, (6.2)
[3(51, Sp) > ‘Bs‘zlm for all particles and any sy, s» (6.3)
From B;;,, we define an auxiliary time interval AT as:
L
AT = (6.4)
,Bsimc

At each “turn” n we want to simulate at any collective element the time frame F;(s)
given by:

Ea(s) = | Tu(s) — %, To(s) + 5 (6.5)
where: S
Tu(s) = nAT + Bt (6.6)

We can see that intervals are contiguous, hence at any locations over N turns we are
simulating a time interval of length NAT.

From Eq 6.6 we can simply derive the following relations, which will be useful in the
following:

Tuy1(s) — Tu(s) = AT (6.7)
Ta(s2) = Tulsy) = 5— (6.8)
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We also note that the condition ¢(s) € F,(s) can be rewritten as:

AT AT
B AT S 2
2 ﬁsimc 2

We can prove the following propositions (see Sec. 6.3):

(6.9)

Proposition 1: If the time #;(s1) defining the k-th arrival of a particle at location s;
falls in the frame F,(s1), then the particle arrives at location s, > s; either in the frame
Fu(s2) or in the following frame F,;1(s7). In symbols:

tk(Sl) € Fn(Sl) = tk(Sz) € F, (Sz) U F,41 (Sz) forany sy < sp (6.10)

Proposition 2: If the time #(s;) defining the k-th arrival of a particle at location s,
falls in the frame F,(s2), then the time of (k + 1)-th arrival at any location s; < s, falls
in the frame F,;;1(s1) or in the following frame F,;1(s1). In symbols:

te(s2) € Fu(s2) = tkr1(s1) € Fuy1(s1) U Fyya(s1) forany sy < sp (6.11)

Proposition 3: If the time t;(L) defining the k-th arrival of a particle at the end of the
line falls in the frame F, (L), than the time t;,1(0) = tx(L) of the (k + 1)-th arrival of
the particle at s = 0 falls in the interval F,;1(0). In symbols:

te(L) € Fa(L) = tx11(0) € Fuy1(0) (6.12)

6.1 ( definition and update
For the tracking of coasting beams we define the longitudinal coordinate ( as:
¢ =s— Boc(t —nAT) (6.13)

where s is the distance from the start of the line for the present turn, t is the absolute
time since the start of the simulation, 7 is the index of the present simulated time
frame.

We can write t in terms of { as:

S & AT (6.14)

" Boc  Boc

With this definition the { coordinate needs to be updated each time the particle passes
at the start of the line since across the s = 0 we can write:

¢~ =L — Boc(t —nAT) (6.15)
T =0—Boc(t— (n+1)AT) (6.16)

where t is the time at which the particle passes zero (which is the same in both equa-
tions).
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Combining the two equations we can write:
=0 — (L— PocAT) (6.17)

In standard simulations for bunched beams the simulated frame is AT = L/(Boc) ,
hence the { coordinate is continuous.

For coasting beams AT is given by Eq. 6.4, hence the { needs to be updated at each
turn using;:

C*zé‘—L<1—ﬁf§n) (6.18)

We want to translate the condition Eq.6.9 into a condition on (. Replacing Eq.6.14
into Eq. 6.9 we obtain:

AT s ¢ ) s AT
—— < | =— — == +nAT | —nAT — < — 6.19
2 (ﬁOC ,BOC ,Bsimc 2 ( )
We change signs:
AT s 4 s AT
