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(a>0)

W dy = d(a tant)= a sec’tdt ,Nx* + a* = asect|

\/Iz +dz = a sect

X 87: J.secz‘a’z‘z In| sect+ tant| +C
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3. | @ Ty C (a>0)

\/(xz +a/2)3 AN+

E AR () =

T T
T4 x = a tant (—5 <1< 5), W dx = d(a tant) = a sec’tdt ,\|(x* +a*)’ = a’ sec’t|

V4 V4 1
—5<1<5,sec1:7>0, m:afsecff

898 XIBA{x| xe R}

cost
1 1 1
’, J. s :j . . -aseczfa’f:—z —ar
(x* + &%)’ a’ sec’t a’” "’ sect

1 1
=—\coswlt=—sinr+C
a* I a*

ARUIABCF , X LB=¢,|BCl=a W |AC|=x, | AB|=V1* +4°

'sint—‘AC‘— d
|AB| @ 44 — A
x +a
J. s ! -sz'm‘+C':#+C ;

V& +a*)? a NP+ B a C

X [ 2

PR AN +d’ =1 (1>0), Mx=+v7A —4a°

1 L ’
=—(zz—az) * 2t = ALt
fea
J' A= J' l —a / o
\/x +a Z —d2

=Idz:t+C

=\’ + & RALE X A7

ERE #dx: Y +at+C
e

+C (a>0)

34, J#dx=—¥
«/(xz +cz/2)3 Nt +d
B I S

' J‘ (x2+02)3 v

3

3
=[x (P +a’) Tar= ;j(f +a’) Ty’

3
=;J(x2 +a’) 2d(x +a’)

3
=1XL-(/Y2 +az)1 2+ C
2 3
1->
2
=—¥+C

2 2
X +a
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35. Im \/x +a’ ——/ﬂ(x+\/x +a’)+C (a>0)

TEB I

J‘I +£Z —KZ

.X
— =
Nt +at N+ d?

—j\/x +a’dv— aj\/i

J\/xz +aza’x:£-\/x2 +a’ +d—-/n(x+\/x2 +a*)+C (A R39)

J.mdx n(x+Nxr*+a*)+C (R3]

,"\/7 N+ +%/ﬂ(x+\/x +a’)-a’ -n(x+NVxX +a’)+C

wm N\k

N +a’ - /ﬂ(X-l-\/X +a*)+C

S A / N C 0
I\/m x7+a +n(x N +a’ )+ (2> 0)

. . . X ey 3E s
JER AR HL () = ———— B B A x| he R}
NCEEN N
V4 V4 x° a’tan’t
Thr=atant (-=<1<2), Wdvr=d(atant) = asec’tdr =
2 2 (P +a)  |a sec’t|
PP sect—i>0 : x _ e’y
2 ’ cost A\ (x* +a*)° asec’t

fan’t tan’t sec’t— 1
dr=[=——

" J. dr = I - a sec” tdt = J
/(x +a asec t sect

. j sectdr— |\ ar = j sectdr — j cos tdf

sect
_ /”‘ sect+ tant ‘ —sit+C NEN 87:jsec1d1=/n\secf+fanf|+C
/

+ Rt 158 =/ =a N =X =NXx +ta
HERIABCY, % LB=1¢,]BC|=a M| AC|=x, |AB|=V 1" +a°

sect

. X X 1 N+t

SN = ———, lanl = — , sect = =

>+ a4t a cost a A
) x'+a
X . x
3 I—a’x=/n\secl+lani\—sml+ C, z
Jai+a*)’ B a C
2 2
N +a +x X
=/In - +C,
a Nt + P

x
=//7‘\/x2+a2 +x‘—7—/mz+6’,
+ad
AN +d x>0
2

S [ S— In(x+~x C
.[ TV E — = (N )+
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dx 1 Vil +adt —a
37. J‘i=*'/ﬂ—+c (a>0)
AN +at  a ‘x‘
WA AN +ad =1 (Z>O) Mxy=~7r -a
—(z —a%) 2 2za’z_¥a’z
\/iz—az

’

J' dx :J' 1 _ P
x-\/x2+a2 l-\/l2—a2 \/12—512

1 1 xX—a
—Ilz_azdt 5&21]}( ol e L
1 _
=—-/ﬂz—d +C
2a I+a
1 (t a)’
2a £ -a

SN PN T R

x-NxX +a 251

1

R log b" = nlog b -1
2a

(\/x +a’ —a)’

2
.l’+62—62

n WA+a@ - a)’
X2

Nriwat —a

=—-In +C
a ]
2 2
38. j W+c (@ >0)
N +d ax
1 1
R | — = | =i
R N . &
Z‘?\fZl (7 #0), Mx==
X
dz
J.\/ / 1+al
_ J' 2a°t
2a° \/1+al
1
== dl+a’r
2422-",/1+a2f2 (+ar)
1
=—2jl2 11(1+azz‘2) 2+ C
2
=—— 1+a’2 +C
2 2
SRR PNITE Y- L S e
X
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, _
39. J\/x2+ a’ dr = §\/x2+ a’ +a7-//1 (x+ VX' +a’)+C  (a>0)
PEE1: '.'J.\/x2+ a’ dv = xAx’+a’ —jxd\/x2+ a’
2
= xax’+a’ - x—a’x
R e

J.\/x +a’ a’x+.[\/7dx=9m/x"+a2 O)
dx=ja—2dx @

NN+ a’ dv— X—
J. J‘ ,.X'Z-f'dz /x2+d2
/Mgﬂjmdx_/n(xh/x +a’)+C (a>0) — 622~/IZ(X+ ‘/XZJF a2)+C1

nO + 1, 2.[\/x2+ a’ a’x:xx/x2+ a’ +a’ln(x+Nx’+a’)
J.\/x +a’ dvr= \/x +a’ +— n(x+Nx’+a’ )+ C

2
39. I\/x2+a2 a’x:g-\/x2+a2 +%-/ﬂ(x+\/x2+a2)+6’ (a>.0)
Wk 20 A x=a tant (—§<Z<g) , WV x+ @ za\/1+la/¢21:‘a‘secl‘,
>0, Nxr'¥d” = asect

/4 /4
v -—< I —,5ecl=
2

cost |}If€é/’%: 1+lcmzl=seczl|
J.\/ X’ +a’ dv= Ia-secld(a-[aﬂt) =g’ Isecl drant
= a’sect tant— a- J tantdsect )
. 2
XI tantdsect = Ilcmf- séet- tantd! = I sl 31 ar
cos [
1 cost 1 1
- J‘ COS df = J' ] dr— J'
cos’t cost cos’t cosl
= I sect dtant— J. sectdt @
24 S 1
B"zOQH o Isecl diant = 5 (@’ sect-tant+ a’ Isecldl) ©)
stecfa’t = In|sect+ tant |+ C, (AKX 87) @
, - 1 1
B’zQ@DH a’ Isect dtant = > a’sect- tant+ }612//7 | sect+ tant |+ C, ®
cx=atant,’. ERIAABCY, & LB=1t|BC" - A
W | AC |= atant = x,| AB |=Na’+ x° Ja+ 2 atant=x
[ 2 2 4
Sosect = ! = arx ,icmz‘z£ B a c
cost a a
1 1 7 +Vx +a’
Eazsecz"lam+ 5 a’ln | sect+ tant |= = - x'+a’ + %- In /u /
a

N +a’ +— hn(x+Nx'+a’ )—— Ina

2

Nx'+a’ +d7 n(x+Nx’+a’ )+ C

Nm ma l\,m

%600/ [Vr'+a’ dr=
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40. [J(a* +a?y a’x:g-(2x2+5a/2)m+;a4-/n(x+m)+6' (a>0)
EWAARE K (1) =7 + ) R LBA x| xe R
T4 x= alant (—%<z<%), ﬂ'l\/m:\afsecff\

V4 V4 1
—5<1<5,sec1:7>0, \/m:af-secff

cost

J (X +a*) dr= J.aj -sec’t d (a tant) = a4jsec3f d tant
=a'sec’t tant — a* J tant d sec’t
=a'sec’t tant — o' J tant -3 - sec’t- sect tant dt
=a'sec’t tant - 3a* J. tan’t- sec’t dt
=a*sec’t- tant - 3a* j tan’t- sect d tant
=a'sec’t- tant -3a’ j (sec’t—1)-sect d tant

=a'sec’t tant - 3a* J. sec’t d tant + 34’ I sect d tant
. 1
BRI o J. sec’t d tant = n (& sec” taant +3a* I sect d tant) ®

N J sect d tant = sect - tant — J tant d sect
= sect - tant — J tan’t - séetds

= sect - tant — J (sec’t £0) - ‘sectdt

= sect - tant — J setlt dre J.secl ar @
X J. sect d tant = J sec’ it ©)
® 2 QO : 4 J. sec’s d.rant = ; -sect - lant + ; J. sect dt m 87:15%14]: Dl seers vant| +€]
1 1
zi-secf-fam‘+5/ﬂ‘secf+fam“+€1 @

. s , 1 3 3
B zO@DF 44.[&6031 d tant = 2 a‘sec’t tant + y a’sect - tant + y a* - n| sect + tant |+ C,
A

ARUABCH, % /B=¢,BCl=a ,W|AC|=x, | AB|=1* + & %
1 Vit +ad’ B a ¢

X
S lant = — , sect = =
a cos/ a

4 2 2 4 2 2 2 2
a x x +a Ja’ Nx +a x 3 N +a +x
’, aﬁsecﬁdianf:—-—-i}-\/xz+a/2 + . NN AR/ I s +
4 4 a S a a & a

2 4
:%(xz +@WX +a +3a(5’ TP+ +3Z)-//7 VX' +ad +x|+C
j X +a°)’ a’x=§-(2x2 +5Wxt +a’ +§-a4 n(x N +a’ )+ C
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41. Ix'“x2+dzdx=%m+c (a>0)

1
LW =Ix-Vx2 +dzdx=%1(x2 +ad*) d’

1
=%J.(x2 +a’)2d(x +a)

1
=%X 1 .(x2+dz)12+c

I+—
2

=%\/(x2+742)3+c

By Daniel Lau
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) _
42. sz NP+ a’ a’x=;(2x2 +dPWX +a’ —c;~//7(x+\/x2 +a’)+C (@a>0)
TERR: AARHH S() =" AN + R LB A x| xe R
A x= alant (—§<f<§), W x? (¥ +a°) =a’tan’t| a sect |

V4 V4 1
——<Z<E,Sect=7>0, XN+ @) =d tan’t - sect

2 cost
sz NP+ ) dr= Id3fdﬂ2f' sect d (a tant) = a4J.ta/7"t- sect d tant = a4jlaﬂzl~secjldl

=q' J tant - sec’ t dsect

=4 J tant - (1 + tan’ ?) dsect = a* J. tant dsect + a* J. tan’t dsect
4 4 7 4 3

=a J lant dsect+ a” - tan’t- sect— a J sect dtan’ t

= d4jfdﬂf dsect+ a” - tan’t - sect — 3a4jsec3fian21 dar

=4 J tant dsect + a* - tan’t- sect —3a* J sec’t tant dsect

" 1
% MHA IR o J. tant - sec”t dsect = " (a* J tant dsecté a’\- fan’t- sect)

at a
=— J. lant dsect + 7 tan’t - sect D

J tant d sect = sect - tant — J sect diant = sect - tant — j sec’ 1t
= sect - tant — J (1 + fan’¢) - sectdt
= sect - ftant — I sear dr = I tan’t sect dt

= sect - tant — .[ sectdf — J. tant d sect

" o 1 1 N X 87: -
# Mt AT J lant d sect= Y - sect - lant — 5 j sect dt |© K87 J seczdit=1n| sect+tant| +C
1 1
:E-secl-lanf—gln‘secl+fcml‘+6'1 @
at at at
B®zOQ4%: 4 I tant¥sec’t dsect = — sect - tant — ?//7 \ sect + tant \ +—tan’t- sect + C,
A

ARUABCY, % /B=1,|BCl=a M| AC|=x, |ABl=vr* +d %x

1 Vit +d? B a C

X
Co tanl = — , sect = =

a cos/ a
4 2 at x NP +dh o N2+ +x| & AR+
T a jtzmt-sec tdsect=——————In|———|+—— —+ (
8 « a 8 a 4 a a

=g-(2x2+az)m—§-mm+x+c
T A N R P AT
J‘xz-mdx:;-(2x2+az)m—ag-/ﬂ(x+m)+6’
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43, J.xiwdxzx/xz-l-azwta-lnwwtC
X

(a>0) —_ By Daniel Lau
| 7|
. X y NP +at o, . -
ER: BARHH ()= —— 8RB A {x]|x =0}
X
SN +ad =t (t20Brza), Ma=~r -4’
1 - ¢
Ldv=—(F —a’) ? 2t = ———dr
2 [2_a2
X +a’ ! e
T JJ, 5 I
_ —a’+a’ 2K 21: [ — S L S
J. X’ —a’ 2a X+ a
=t+az-—-/n a +C:t+£-/ U=a a)
2a I+ a 2 r’-a’

(\/x +a° —a)’

X +d dz

Wx*+a’ —a)
+C
X

+C

2 2
= + B RAE X3 jmdx= m+§ y
X

=X+’ +a-n

.2 2
=x?+a? +a-InM+C

E

2 2 2 2
4“4 J‘dez_m—l—/ﬂ(x-km)-kc (25 0)
X

\{X +(Z
X

HERA . MARHE () = @) & SUIRA, {x | x = 0]

1.5 x> 08 T4 x = a tant (0<l<§), W dv = d(atant) = a sec’ tdr

N+ a’ ‘ a sect ‘ vrxl+a®  sea

T
5 = — 5, M0 <EL -, sect = >0, .. 5 5
X a’ tan "t 2 cost X altan“t
\/x +a sect sect
Iid I aseczfa’zf:I (1+fa17 ‘h)dr
X avan’y tan’
sect cos’t
= [secrar + | dr = [ sec dr + I S
tan°t casf Ky//s
cost R
4 Jsecf dar + I dt = Isecf dr + I dsint
sin’t et
AEN 87.Isectdl:/n| sect+ tant | +C
=/n‘secf+tani‘— + C,
sint
HERtAABC ¥, X £LB=1¢,]BC|=a R x, |AB =Ax’ + 2°
A
. P X 1 \/XQ + d2 bl 2
oSt = —————  fant = —, sect = = X' ta «
x>+ a? a cost a
B C
Nxt+a® Nxrl+at +x| NP+’ ?
" J-izdx =/n - + C,
X a X

=—”2;”2+/nm+x—/m+c,
: \/m+x>0 '[“xz);azdx=—“x2;a2+/n(m+x)+c
2.% x < OB R 32 TEF: j“(zf”zdx=—“f2;f+/n(m+x)+c
/2. '[Wf +a :—uxz/:dz-l-/ﬂ(m-f-x)-i-c

AT 1,24
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() 2F VL -2 (a>0) IR (15-59)

45. J /—/ ars/z/—/+C =ln|x+\Nx —a’ |+C (@>0)

JIE 1 A AR R £ fﬂr}z%é@/"iiﬁiﬁ{x/x> aRx < —a

X —a

. T
1. % x> aft, T % x = @ sect (O<l<§), W dy = a- sect tantdt

Nx'—a’ =aNsec’r—1= a-‘lcm[‘ 0< [<§ N —a’ = a tant

I J~ a- sect- tant

adr= Isecldl NEN 87:Isecm’f= In| sect+ tant|+C]|

a-tant

= In|sect+ tant [+ C,

ARt AABCF, Tk LB=1,|BCla,N|AB|=x,|AC =\ x"-a’

1 x |AC| Nx'—a’
osecl = —, lant = = x
cost a [ BC| a X —a’
B t

) J~ ax x+Nx’—at a C

=/n|sect+tant=ln|————~ |
? a

2
X —d

=/n|xtNx¥i~al |+C,

2 Bx<—a,BP- x>dﬂﬂ‘ A ,a——xEPJf— = u

B 1 I'Tv"ﬂj‘ —J =—In|p+t\u’-a |+C,
=<dp|—x+Nx'—a’ |+C,=In
:/”\—x+\/x2—a2|+c,

a’ ’
=n|-x-Nx'-a |+C,

Zhtie 1,2, TE K jf’li)f:i-m/z/iﬁc,=/n/x+\/x2—af/+C

-a’ |x] a

1 +C
| —x+x —a’ |
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[x] [ >
45. — h— +C,:/ + - +C  (a>0)
Im -ars n|x+Nx —a | a

SE D AR T )= %é@ % LHH (x> aFo<—a)

X —a

1. Bx>abt, T &Rx=acht (r>0), W £ = areh’
a

\/xz— czz = \/czzc//t— a’ =a sht ,dv=a shtdt

j jdsém:IW=HC}
a sh

2
arc/zx+C/n[x+ [xj —/}+C2
a a a

=/n| v+ -a’ |+ C,

2. % x<—a BP—x>ablt, & ,a:—x E’Px=—,a

‘Qiﬁi@lﬂ-v’?ﬂj\/i j =—In|put i —a | +C,

:—/n(—x+\/x2—a2)+C4=/n

_ =y
7
=/n| —x—\/xz—a2\+C
12, TE& [e—4s
\[_«

Rt

By Daniel Lau

! +C
|- |

:i ars/z/ /+C,=/17/x+\/x'7—a'7 [+C
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dx X
46. =— +C (@a>0)
j /(Xz_dz)s A oAr -
1

. T
1. 3x>ablf, T Rx=asect (0<r< 5), W dy = a- sect- tantdt

TE B AR R R fln) = 892 XIBA x| x> aRx < —a)

T
¥ -a’)’ :‘aB-Za/ff‘ '.'O<Z<5 ,tant >0 , (X =a’) =a’-tan’t
dx a- sect- tant 1 ¢ sect
j :J. 3 3 ar = 72."7362’[‘
(' =a’) a-lan't a < rtam't
1 1 cos*¢ 1 ¢ cost
:TJ. T dr = 2]-207;
a cost s [ a Ky7/a
1 .
=—2J. ——d sint
a Ky7/AA
1
=- +C

a’ sint
BERt AABCY , Tk LB=1,]BC = a, V| AB = x fAC N Y —a’

2 2

"t X —a
sl = ———
X * 1 3
x —a
B 4

j o =— i +C a C

2 Brx<-aFr—-x>abt, & u=<xPr=—u
. J- ax :_J' d u
/(x.?_ d])} l(ﬂZ_aZ)3
witie 1T -[CA 4 ¢
(@& —a) @ (w—a)
. ax X
By F o RN P72 =— +C
J. /(Xz_ ) PN —
o s ax X
AT 1,214 =— +C
J. /(Xz_a2)3 PN —

47. J‘\/#dx:\/f—a2+6’ (a>0)
. 1 -
1&%:]\/;76/0{/1’: EJ.(_)(}_QZ) 262’](2
1
_ ;j(;/ —a?) 2 - )

1
=;>< 1 (xz—az)1 *+C

1——
2

=\ -a +C
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x 1
48. dex:_m-i_c (d>0)
I ARIH )=t R ABH x| r> adar<—a)
(¥’ —a’)

. T
1. Bx>abf, Tixx=asectr (0<r< E)’ W) dx = @ sect- tantdt

X a- sect V4 X sect
= T 0<s< =— ;
(XZ_ a2)3 ‘d -lan f‘ 2 (XZ_ a2)3 a” ran

sect

J‘\/id “[ tam’ t

1J~secl IJ- 1

-a- sect- tant dt

- dt =~

fanz !/ a

ar
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=——J.—csc it =——-cott+ C
a a

ARt AABCF, ik LB=1,|BCa,N|AB|=x,|AC|=\x"-a’

: 5011_70
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;
X 1 a 1 B C

TR e Wra ad
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o SRS B W
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dﬂlﬂ'i@ IBT;EU J‘ﬁdﬂZ—m‘l‘c

B = - xRNFFg +C
AT 1 2?%'—:.[ dr = — ! +C
, (xi_d2)3 x.’_dl
49, J‘xidx:f\/xz—az+d— /}7‘)(+ Y- |+C  (a>0)
X —-a 2 2
SE ﬂj X J' -a +cl
Vx N -a
N¥'—a +———)dvr
Jo «ﬁa
= ~adv+
o]
2
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2
J‘ X
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X _ X R
50 jmdx— m‘i‘/ﬂf‘*’ X a +C (ﬂ>0) By Daniel Lau
2
ARG )= R ABH (r)r> ada<-a)
(xz_d2)3
1. % x>abf , TR x=asecr (0<r< ) W dx = a- sect- tantdr
x2 02'S€C2Z T x2 seczl
= c0<r<—, 0 = 3
(xz_gz 3 ‘a3 -Ia/fl‘ 2 (xz—ﬂ2)3 a-tan’ t
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1
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1
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RN VH E:ZASN M. WS ALC2a 0
sint 2 sinr—1 sme 2 sin® r—1
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a
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2
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z V4 .
- —< f<5 ycosz>0 o aa® —x' =a’ - sint - cost

2
. J.xx/az —xtdr = J.az - Sint - cost - a-cos L df = a3J.cos2t~sz'/¢fdf

3
a
= —aﬁcosﬁa’cosl = —?cos31+ C

a 2
= —?(1—sm2z)2 +C

. T T . X
Cx=a-sint (——<rt<—), ;. st =—
2 2 a
3 2 2 3 2 2453
z a —x° = @ =-x)
. (N =sin’n)? = ) =
a a

3 3
J.X\/dz —xza’xz—%(l—szhzf)z +C
|

=—§\/(a2 -y +C
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_ By Daniel Lau

4
70. J.xzx/gz -’ a’,r:g-(sz —a*Wa' - x? +%-arcsz’n£+€ (a>0)
a
PR MARBH f(x) =1V’ - RN (v —a<xr<a)

. a T .
WA x=a-sint (—5<1<5), Wx*Na> —x> =a’ -sin’t|a-cost |

T .
N —5<1‘< 5 cosz>0, - xX’Na'—x> =a’ - sin’t-cost

szx/gz —x dr = jd3s1h2f-cosf d(a-sint) = d4jSlh2f-cos2fdt

4
a .
TJ.S-smzt-cosf-cosfdf

4

a
= —J. costd sin’t
3
4 4
a a
== .cos s sin’t— —J.sz'njfdcosf
3 3
at a’
=~ cos e sin’t— ?J.slhﬁ(l — cos’t) d cost
4 4 4
a . a . a )
= ?-cos resin’t— ?Jymt d cost + ?jsmi-coszia’cosi
4 4 4
a . a . a )
= ?-cos resin’t— ?JSlﬂl d cost. + ?jymzﬁ cos’tdrt

A KT (A -2 dx=a4j.sm‘7f-coszfdt

4 4
a a
=/~ .cos f-sz'sz——jsz’nl d cost D
4 4
. Isz'mf d cost = sint - cost — J coSt d sint
= sint - cost —jcos c far
= sint - cost —j(l ~ sin”t)dt
=Slhf'COSl—jdf+JSlhzldl ®
oo J.sz'nt d.cost = —j Sin’t dt ©)
2~ 267 o 1 . 1
AN J.smt d cost = 5 sint - cost — 5 J. ar
1 . 1
= —-sint-cost ——- 1+ C, @
2 2
at at at
BzODF: szx/az—xz a’x:T-cos t-sz'n3l—?-sz'/1f-cosl—?-f+C
ARtIABCY, % LB=¢,|AB]=a M |AC|=x, |BC|=va’ -1’ A
&l
Y x
| cost = ————  sint = — 7
a a B a:—x:
4 2 2 3 4 2 2 4
a ANa -x" x a’ Na —-x" x a x
szx/az—xz h=— ey —+ —aresin —+ C
4 a a 8 a a 8 a

4
=§-(2x2 —a*Wa' - x? +%-arcsz'/1£+ Cc

a
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71.

gt — 4P _ 2 _ 2 —_— By Daniel Lau
a X a a X
J.dxzx/gz—x2+g-/ﬂ+6’ (a>0)

X X

HEBA A AR E f() = BENXIRA {xr|-a<r<aBxr=0}

1
a® -x*

1.3 —a<x<O08, Ti&Xx=a sin (—§<t<0), W dr = a-cos ¢ dr

a’—x" |a-cost| Vs a’—x° cost
= - s ——=<t<0, cosz>0 .. =—
x a- sint 2 X sint
Na' - x’ cos 7 cos’ 7
J. a’sz. : -a-cosfdfzaj — df
X sint sint

1= sin’t 1
= aj.idz‘z a|—dr— aJ.sinf ar
st st

_ sint
—a j .

Py dt—ajsz’ni dr = —ajé

" 5 dcost — aJ. sint dt
—cos” [

=_3J'( ! + )dcosi—ajsz'ﬂfdt
29 1+cost 1-cost
1
— cz’(cosf+1)+ﬁj
271+ cost 2

1

d(cost —1) — aj sint dt
cost

1
z_g./ﬂ‘1+wy\+§-/n\cosf—1\+a-cost+€l

a cost —1
2 1+ cost

+a-cos 7 +(C]

a (cost —1)?
2 1-cos*t

4D

+a-cost+ C|

(cost —1)*

Y + a-¢os 7+ C,
Sin” [

cost =1
=a-/n

: +-cosz+ C,
sint

= a-/nfcolt—cscl‘+a-cos 1+ C,

BERt AABCT, WX LB =1, AB|= a, V| AC|= x,| BC|=~Na* - x°

2 2 2 2
a —x 1 a a —x A
cotf =~—F—— , csct =——=— , cost = ———— a
X sint x a x
5
2 2 2 2 2 2 B C
Na® —x Na® —x —a‘ a’ —x T2
J.idx=a-/ﬂ +a- +C, a —x
x x ‘ a

a—+a*-x* a’ —x°
=an|l——m—CF)|+a—F+C,
x a
1 a—-~Na* —x* a’ —x°
=—In|——|+a——+C,
a X a

v a-Nat—-x">0
2 2 2 2
Iiwdx=1/42 P agpdTNe Y o

x | x|
2.%0< r<alt, Tikx=a sint (0<t< g),ré];;szmﬁ

[ 2 2 [ 2 2
:Judxz,/éﬁ_f g mdTNY =Y o

x E
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[ 2 2 [ 2 2
72. J.diz_xdxz—u—arcsiﬁi+6' (a>0)
X a
Na’ —x
2
X

JEH M ARB R f(x) = EXIBA {xr|-a<xr<aBxr=0}

1.3 —a<x< 08, T Ry=a- sint (—5<l<0) W dy=a-costdr,
2 2
V4 a —x cos 7
——<t<0, cosz>0 .. 5 = —
2 X a-sin“t
2 2
a —x cos /
J.\/zidxzj‘-a-cosfdt
X a-sin‘t
_J-cos
sin’t
_J-l—sm !
sin’t
=jcsc fa’l—J.a’t
=—cott —t+C

KRG AABCY , % LB=1,|AB|= a, N

2 2

By Daniel Lau

=x,| BC|=A\a® - x

a —Xx
cotf = —— a
[ 2 2 [ 2 2 B :
a —xX a —xX . X 2 _ 2
J.izdxz—i—arcsm—+c 2 *
P a

2.0 < x<abt, Ti&kx=a- sint (0<1‘<z),ﬁ‘5]5»§17"]_i£

St 1,2 1% J.“ = —arcsz'n£+6'
a

A

av
P

-47 -



By Daniel Lau

() AN +br+c (a>0) B9 ARS (713-78)

73. /ﬂ‘Z(lX-i—b-i—Z\/;\/dX +bx+c‘+C (a>0)
J.\/auc +bx+c \/7

. 1 .. .
JER BB )= ————— R, Wax’ +br+c>0Em L
Naxr* + bx+ ¢
ca>0 . A=b"—dac>0

cart +br+c= 41[(251/x+b)2 +4ac— 5]
a

= 41[(2a/x+ b —(Nb = 4ac)’]
a

. J.#:%/; ! dx
Vax® +br+c \/(2ax+ b)Y — (N6 — dac)’

_2a 1
JQar+ 5 — (& — dac)’

1

) \/ZJ JQ@ar+ 8y - (& - 4acy’

d2ax+ b)

d2ax4 D) /‘};Q45;J' 7dx —=/n|x+Nx’-a [+
VX —a

T -In 2ax+b+\/(2ax+b) —~ (W&~ dac)’
=1~/ﬂ20x+b+\/4a-(ax2+bx+c)+C
Va

=\/17~/n2ax+b+2\/;\/dx2+bx+c+c
a

74. ax’ + br+c dr 2ax+b ax +bx+c+ ac— b’
[¥ Var

/ﬂ‘2ax+b+2\/;\/ax +bx+c‘+C (a>0)

I B AR H S Na” & b ok, Nax’ +bx+c>0'f§i)35(.l
v a>0 N A=b"—4ac>0

var’ +hr+c= 41[(2auc+17)2 +dac— 5]
a

= L Qar+ 8 (B - 2a0)]
4a

PAERRE J.\j dx—fsl -7 -= /n‘ XX ‘-%—C
" I\/ axr’ +bx+cdv= L_[\/(Zauc+ b)Y —(Nb° = 4ac)’ dv

- 2\F j \/(2ax+17) — (& = 4ac)? d2ax+ b)
2ax+ b >
- { : JCart by o —dacy -2

2
_ L 200 s aad v e+ P20
Wa 2

o

ac
-In

2ax+ b+ \/(2ax+ b —(Nb&” = dac)’

|

2ax+ b+ \/(2ax+ b)Y —(N& —4ac)’

2
= L 2ar+d 2Jaar + br+ o+ fac=b /ﬂ‘2dx+b+\/4d-(ax2+bx+c)‘+C
Wa 8o
2ax+b Aax’® +bx+c+

/n‘ 2axr+ b+ 2\/;\/dx +bx+c ‘-f- C
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LQIXZl\/dXZ +bx+c—
Naxr’ + bx+c a

P s dax’ + br+ o) = Qax+ bHdx

7. |

-~ T4

j&_447
I\/dx +bx+c

—J. axz +bx+c) 2cz’(ax2 +bx+ c)——j

zlvaxz +bx+c—bj

\/bT -In| 2ax+ b+2\/;\/ ar +bxr+c|+C
2V a

By Daniel Lau

(a>0)

X . . 1 2ax+b b
S — ( ﬂ dx
Vaxr' +bx+c ﬁij[\/ ar +bx+c 2a 2a

(2ax+ b)dx—

J.\/d)( +bx+c
Var’ +bx+c

1
—_—
a 2a° \| g + br+c

J\/czxz +bx+c

. //1 Dax+b+2aNar +br+c |+ C (>

X73)

= F “In 24X+b+2\/;\/dxz +bx+c |4 C
Wa

dx= l\/ ar’ +bx+c—
2

) X
‘ J.\/a)cz+bx+c a

2ax—b

V& £ 4ac

1

Ne+ba— ax’

76. I —_— -aresin

Ne+br—ax \/7

JiE B 35 A AR R B ) =
= a>0

ot br—axr = L[b
4a

PR L,

*—Qax-

\/b? -/n} 2ax+b+2\/;\/ax2 +bx+c|+C
a

+C (@a>0)

e + br—axr® > 0F it

WA=b"+4ac>0

b)Y +c

_ b+ dac  (2ar- b)?

da

da

! dax

| ——==2a
J.\/c+bx ax’ J‘\/(bz+4ac)2 - Qax-b)’

1

=—"—-aqrcsin

Ja

N + dac

axr—>b L C

-arcisn

/?%ﬁj \F

e+ br—ax’

2a
NO + dac

w0 +CHiz
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_ By Daniel Lau
2
77. J.\{c+bx—axzdx: 2ax b\/c+bx—czx2 +M'arcszhﬂ+c (a>0)
8a 8\/? &+ 4ac
PEA AR R R ) =N e+ br—ar R E, Ne+br—ar > 0H &

ca>0 . A=b"+4ac>0

1
cotrbr—ar =—[b - (2ax—b)2] te
4a
b +4ac Qax-b)’ 2
= 4o - du X 67: jmdx:§m+%~mm§+C

" J\/c+ by—ax’ dr= LJ.\/(bZ +4ac)’ —(ax—b)* dx
2a

1
- 2a-2a
2
1 |2 b\/(m)z - Qax-b)* +b +4dc-arcsz’1772dx 4 +C
4\/; 2 2 V& + dac

2dx b\/4a (c+bxr—ar’) + M'arcszth_bjLC

8 8V 57 + dac

2
= 2ax b\/c+ br—axr’ + o+ 446- dl’c’Slh—ﬂ+ C
8a 8\/073 NG + 4ac

I\/(m)2 —Qax—5)* dQax-b)

X 1 b 2ax—b
78, | —————dr=— AN+ br—ar + L aresin——~+C (a>0)
I e+ br—ax’ a 2\/—4? V& + dac

EHEAARB I )= RS Mot br—ar® > O R
o+ br&ax®

ca>0 (A= dac>0

o+ br—~ax’ =4i[b2 —Qar—5)*+c

a

F 414 [bz + 4ac— Lax— b)z]

dr = —Aa’> - x> +C

dr=2a ) dr |pX el [
JWMX ax I\/(\/b2+4ac)2—(24x—b)2 @

f ax—b+ b

24 24 \/(\/b2+4ac) —Qar—b)*

dQ2ax—b)

[ 2ar=b dQar—b)+—2 | ! dQax—b)
2\ﬁ VW& + ac) —Qar— by Wa* \[E + tac) - Qar—b)
b 2ax—b
b +4gc)2 —(2ax—b)2 + caresin————=+C |xx50. [ L _ yesin* + |

ax—>b

o2
-aresin————+C

/i
2\/7 2\/; NG + dac

1 2ax—b
=——Ne+br—ar +——
Netbr-a r - aresin—————— — +4ac

-50 -



_ By Daniel Lau

(+) &F |+ i:; R J(x—a)b—-x) BFRE (19-82)

79. .[‘lx_ga’x:(x—b)‘lx_ﬂ +(b—a)-//7(\/‘x—a‘ +\/‘x—b‘)+C

ER >0T/\1_ X-Z (¢>0), Mar=2" /” ,dxzmdz
- | %dpjz mdz— 2a- )J(l-[ﬁf
— 25 a)j(l 2)14 205 a)j[ 1; (1_112)2]&
zz(b—a)jl_l A= 2(b-a)| (1_1[2)24; =2(a—b).[[21_ J'(l_lﬂya’z
=2a- b) —In 1 +2(a- b)_[( 1;) =(a-b)- //1 +2(a —b)j(lfydt
x| (1_1[2)2.4;:]([2 11)2a’z (7> 0)

LA t=seck (0< k< ) W (2 =1)* = tan* k, disecho= sec k- tan kdk

2
dk:.'-cos A’dk

sin’ k

seek
tan* ke

" -[(ﬂil)zdf_jmnl Z -sec k - tan kdk = I

:J.I_Slhzkdk:.'. 1 d%’—J. 1 dk:_l.co‘yk+l.[ 1 dk—.[ 1 W

sin’ k sin’ F Sin k 2 stk 270 sink Sink
1 1 1 1 1

= —~céik—~j - d/f:——-/ﬂ‘csck—colk‘——~C_Oik
2 sin k27 sink 2 2 sint k

fRIABCY, /B=# ,|BC|=l D]l]|AC|=\/12—1 , | AB |= 7

1 1 N -1 ¢
Looschk=—— S Col k= COSk—* , Sink = JA
sink _ A N 4 Aé l

x—a 7—1 -1 !
J.‘/x_éak—(a—b)-/n |- 17)[—— In m —2(f2_1)]+c1
-1 | (a-b)1
=(a—-0b)- /17 —(a—0b)-In m 1 +C,
(a4 b)in £-1| (a-b)- ‘.
r+1 e —1) :
b—a

_ _ -b
¥r= [TTIRANE XA I Y = (a—b)-In -4 —(a- b) Ealy +C,
Vs oo Jid e i

= (=), —2 +(a=b)In Vo=a
x=>b \/‘x a‘+\/‘x b‘

— (x-b) /i:;’ +(a-b)n|Nb=a ‘+(b—a)//1‘ Jr=d +Jx-5 \+c1

=(x—17),/j:2+(b—a)~/n(\/\x—a\+\/\x—1)\)+c sl

1




_ By Daniel Lau

80. J}/x aa’x (x—2) 7+(b a)- dl‘C’Slﬂ‘/Z_a-i—C
— 2 . —
EY ,/ >OT/\1 ‘/ >0y, Mx ‘”bf L=,
b—x 1+7 a+7)
S |x—a , 2Z-(b—a) B

1+l

1

=2(h- a’z 206-a 1
(4 )j ( )j[1 y (mz)z]
=2(6- =2(b— a)arcsint—2(a - b)j)dl
=2a- b) - //7 +2( —b)j dz (a—b)- //7 +2(a b)j e L7
SF|———=dr (>0
-[(l+[2)2 >0
T t=tank  (0< k< f), W (2 +1) = sec* k, di= sec® kdk
o %ﬁ:j L sec kdk = j k= [ cos® ith
(1+7) sec” k sec’
= ;_[(1 +eos2ydh = j a’/c+% [cos2dk
:/£+l-sz'/72k+€1
2 4
xX—a £ 1 .
j dx=2(b—a)k—2(b-a)= + - sin2 k& C
b—x 2 4
=(b-ayk—(b—a)sink - cosk+C
ERUABCY, ZB=# ABC=1 M|AC|=1 ,|AB]=+/ +1
/ 1+#
cos k= SSsih=
7 +1 7 +1 p =k
1
xX—a ! 1 V4
. ax = (b= a)arcsin————— (b—a)- . +C
J. b—x VA +1 \/zz+1 VA +1

=(b—a)arcsin —(b- a) + C,

!
V7
¥r= /;_aﬁ)\,l'_iiﬁ- j‘/x @ = (b— a) arcsin (1/ x1/X d] (b- )1/X d1/

—-X b—x b—a\b—x b—x
[x—a
=(b—a)arcsin P —(b—x)- b x+C1
. |x—a X—a
=(b—a)arcsin . a+( x—2>)- 5 X+C
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81. .[ ax =2arcsin ad
Jx—a)ib-x) b—a

—Zic (a< b)

s [ [ [T
Jox—a)(b-x) “|x—a| Vb-
2
TN A TP A PRI (R A )
b—x 1+7 1+7 (1+7)°
ZZ
h>a, . |x—al=(b-a)- 5
1+7
_ 2
FR J- 1 da’XZI 1 'l+2/‘ .[21(5 cz) ”
|x—a| Vb—x b—a ¢ (1+7)
:ZI lzdI:Zczrcldﬂl+C (X 19)
1+7
=2arctan |2 =% + C
b—x
& tanyu = x—a’ W u= arctan 14
b—x b—x
ERUUABCY, £LB=u ,|AC|=Vr—a
. |BCl=vb—x |AB\—\/|AC| +|BC| =4/b-a
sin —a arcsin
. Sinp= ,/ I N
_a+C B b—x

dx L X
I TP =2arcsin E

a .

C

x—a

By Daniel Lau
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— By Daniel Lau

82. | (x—cz)(b—x)a’xzMlla_bw/(x—a)(b—x +(b_4a)2-arcsz'n‘/;(_d+C (a < b)
- X
JEB J. (r—a)(b—x)dx _”x cz‘ b_xdx
X—da

AN 2 _
/ >O—T/\l b—x (/>0) , Mx b+cll ’dx:2ai A+7)-2Aat +b)dt:2l(d2b2)dt

1+ 7 (1+27)° (1+7)
‘x 4 att +b—a- czf‘_b a
1+ 7 ‘ 1+ 7
Soa<boo ‘x—d‘=b_f
1+7
b—a 2Ha->b)
" —a)(b—x)dx= £+
NG b-nar=[ 7517705

:—2(a—b)zj(1;f[2)3d

2
SHF[dr (>0) L Th =k 0<k<D), WA 11 = sec k, di=sec’ hdk
(1+7) 2
2
o —j’”” A sec kah = j’”” K e = [ sin’ 4 o5 hatk
(1+7) sec® sec

- j (2 sink-cosk) di = i [ s 24e-ak
_L24 1 sindk |+ C.
8l 2 4

zé—i-ﬂh4/f+6’
8 32

—/—(—— (4 sinfes cosi Ve — 4 sin’ k- cosk)+ C

8 32

:k—;-sz'n/c-cof k+;sz'/73 k-cosk+C

B A B XA I (r=a) (b= x)dr=-2(b- a)’ -;-(k—sz'nk- cos’ f+ sin’ k- cosk)+C

_ 2
__(6=9) (k= sink-cos’ k+ sin’ k-cosk)+C

4
A RIABCY, /B=4,|BC|=1 W|AC|=¢ ,|AB|=+7F +1

! , Sink = !
VA +1 £ +1
(b-a)’ .t 1 s ’
Nxr—a) (b—x)dy=— -(arcsin - . .
J. VA +1 NA+1 2+ P 41
1 1

!/
+ . )
2+1{A 11 A +1

cosk =

__(b-a” .t r !
= 1 (arcsmm D + D )+C
(b-a)’ ¢ {7 1)

)+

=— (arcsin

4 m (2" +1)°
s Fw\ﬁ\ I(X_d)(b_x)dx:%—f—bWAb;ﬂ)z.mm\/?w
s

Xr—da
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(+—) 2F=A B[R -1

83. Isz'nx ax=—cosx+ C
1iE Bf] :Isz'nx dx = —j (—sinx) dx
v (cosx)' = —sinx BP cosx A — sinxt J7. o £
" J Sinx dx = — J dcosx

=—cosx+ C

84. Jcosxa’x: sinx+C
PEB 2 w0 (sinx) = cosxBP sinxH cos x5 7 F FK
", JcasdeZ.[dSlhx

=sinx+C

85. JZdﬂXd)f: —/}7‘ cosx‘+ C

SINX

dax

11k B :Jlanxa’x: I o

dcosx

:_J‘ cosx
= —/n‘ cosx‘+ C

86. Jcolxa’x= /ﬂ‘ Sinx ‘ +C

cosx

11k B :Jcolxa’x= I dx

Sinx

:I _1 d sin x
SInx
= //7‘ sz'nx]+ C

87. jsecxdx =/n| tan (g + %) '+C = /In|sec x + tan x|+ C

iifﬂzjsecxdx:J a’x=j coszxdx
Ccos X cos” x
=J.%dszhx=lj‘ ! dszhx+lj.
1—sin” x 2 1 +sinx 1—sinx
=l-//7\1+sz’nx\—l'/ﬂ|l—sz'/7x|+c
2 2
. . 2
:l'/”‘ 1+smx‘+czl./” (1+sz/72x) L C
2 1—sinx 2 1—sin” x
. 2 .
=l./,7 (l+sz;7x) L C= | 1+Smx|+c
2 cos” x cosx
— 1 _smx O
CosXx  cox

=/n|secx+ tanx|+C

dsinx

By Daniel Lau
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88. Jcscxdxz/n fﬂ/’l% +C:/ﬂ‘cscx—calx +C
| | smz£+00sz/I 1+tzmzi
KL v oscxr=——= = 2 2 = 2
sinx 2-sz'/7£-cos£ 2'5‘172{'6'05‘{ 2m/7/I
2 2 2 2
x 1 1
X dtan—=—- dx
cosz/I
dx:2-cos2ga’la/¢§
1
’, jcscdec:J. -2'00S2£a’ttm£
2-51h£-cos£ 2 2
2 2
1
=J.7dﬂm£
X 2
ldﬂg
=/n ldﬂg +C
. X .2 X .2 X
. s Sin” — 285t — 1= cosu
“ lan— = 2 _ 2 = 2 °€ - =cscx—colx
x X X X SInx
cos— smg . COSE 231/75 -cos—
g Jcscxa’x:/n fdﬂg +C=/ﬂ‘cscx—colx‘+6’
e 1
1&}%2:J.cscxdx= —drt
st
_ sint J
[y
RY//ANA
z—j——’za’cosl
1-cos ¢
1 1 1
=—— + d cost
2~[(1+cosf l—casl/
——1j ! d(casz+1)+1j L 0= cosn
271+ cost 21— cost

:—l-/ﬂ‘1+cost‘+l-/ﬂ‘cosl—l‘+€1
2 2

cost—1

1+ cost

(1-cos?)’

1—cos*t
1 (1- cost)2
2 sin’t

=D+ G

+C

2

1—cost

+G

=/n -
RY//24

= /17‘ cscx —cotx ‘ +C
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_ By Daniel Lau
89. Jsecz xdv=tanx+C

PR 2 o (tanx) = sec” x B tanxH sec® xR ) A
" Jsec2 xdx= Ja’lanl

=tanx+ C

90. j csc’x dv=—cotr+ C
TEBH J csc’x dr = —J. (—csc”x) d
v (cotr) = —csc® XBP cotxH — csc” xt R F H
" J csc” x dy = —I dcotx

=—cotx+ C

91. Jsecx- tanx dr= secx+ C
JEB 2 w0 (secx) = secx-tanx PP secxH secx- tan x49 7 L) K
’, Jsecx- lfanx dx = I dsecx

=gsecx+C

92. Jcscx- cotxdr=—cscx+C
TEBH J csex- cot x dx = —J. (—cscx- cot x) dx
v (esex) = —csex- cot xBP csex ) — cscx- cof xR L)
" J csex- cotx dx = —I dcscx

=—cscx+C
93. jszhzxdx: ;—i-ﬂh2x+ C

iE Bf] :Jszh2xa’x: J.(;—%'C‘OSZX) dx

o = . 1—cos2x
=1J‘dx—lJ‘6052xd2x BT st xr=—F—
2 4 2
:E—lSlh2X+C
2 4
94, jcof xdxy= £+ l-sm2x+ C
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a

2 2
:—d—jt-szh2ldl:d—jldcas2l

\ 7 cos 2t — —jcastc/f

e COSZf—fJ‘COJZ;cz’ZJ R rsin2x=2-sinx-cosx

. cos2x=cos* x—sin® x

-7 cole—g sn2t+ C =2cos* x—1

2
t-(2cos’ t— l)—% sint-cost+ C

2 2
a a )
-t cos’® Z—T-l——-sml-casl+ C

N‘QN A\QN _,;‘QN _,;‘QN #l%

BERG AABCY, Tk LB=1¢,AB |=a, M |BC|= x,] AC N a’

A
a’ - x’ x a
Ssnlt=———, cost=— Wa® —x’
a a B % C
a’ x ¥ 4 Cx a’ x Na-x
" J.x arccos—a’x—— aresin —-— ——— - aresin — — ——+— +C
a a a 4 a 4 a a
2 2
x . X a XX > >
=—-aresin ———-aresin —— —-Na- —x  +C
2 a 4 a 4
2 2
x a P 2 A 5
=(——-—)-arcsin —+—~Na —x +C
2 4 a 4
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118. Ix2 -arccosxa’x:z-arccosx—;(xz +2a°Wat -1 +C
a a

. x
LB : 47 = arccos= , W x=a- cost
a

X .
sz -arccos —dx = J.czz ccos’ t-td(a-cost)= —03.[;- cos’ t- sint dt

a
3
a
=—J.la’cas3l
3
3 3
a a
=—-l-cas3f——jcos3ldf
3 3
3 3
a a .
=—-t-cos3f——jcost(l—sm2 0) dr
3 3
3 3 3
a a a )
=—-t-cos3Z——jcostc/f+—jcosl-sm2tcz’f
3 3 3
a 3 a . a’ i .
=—7-cos l——-sml+—jsm rdsint
3 3 3
3 3 3
a a ) a .
== tcos t——— sint+—- s’ 1+ C
3 3 1+2
3 3 3
a a ) a )
=" tcos t—— sint+—-sin’ t& C'
3 3 9

BRt AABCY , Tk LB=1,|AB = a,MIBC | x JAC =N & - x°

) X X
Sinl=——, cost=—+
a a
2 X a . M . a a —x
jx 'd/'C’C’OS*d’XZf'dl’CSlﬂ"j—f'i
a 3 a)a 3 a

3

o

a
3

X Xl a
119. jarctan—dXZx-a/”cta/z»——-/ﬂ(az+x2)+C (a>0)
a a 2
. X X x
7E BR :jarctan—dXZ X a/”ctan——J.xa’x- arctan—
a a a
X 1 1
ZX'dFCZdﬂ*—J.X-i'*dX
x
a l—i—(—)z a
X x
=I~df€ldﬂ*—djﬁdx
a a +x

X a 1
= x-arctan—— —J. L

a 2°ad+x

X a 1
:x-arclan———fﬁd(dz +17)

a 2°a +x

X a
zx-drcldn———-/n‘ at+ 1 ‘+C
a

cd+ x>0

X X a
jarcz‘an—dx:x-arcz‘an——g-/ﬂ(az+x2)+C
a a

By Daniel Lau

N @‘Q

=%-arcsz’nx—;(x2 28 Wa' —-x +C
a

a: m

a —x
-73-\/42—)(" +C

a
2
X . X a 2 2 a — X 2 2
=?'627‘6'Sl/7——?‘ a —xX +———\Na —x +C
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1
120. J‘x-arclaﬂfa’x:—(az+x2)-arclan£—£-x+6’ (a>0)
a 2 a 2

. x
iEBH s =arctan™ |, W x=a-tant
a

X
" jx-drcldﬂ—dxz jd'ldﬂl-ld(d'ldﬂl) = czzjl-secz t- tant dt
a

2

:g—J.ldsecz !
2

2 2
a a
=t sec’ l——jsecz tdr
2 2

2 2
a a

== tsect t—"— -tant+C
2 2

AR AABCY , Tk LB=1,]BCEa,W|AC|=x,| ABENT +x°

1 a +x X
secl = = , lant=— 1 1
cos’t a a a +x
2 2 2
x a xr ac+x 4 ox
", J.x-drcldn—dx:—-arctan—-iz ——+C 3
a 2 a a 2 a B a
X a
= (& +x)-arctan=—=-x+C
a 2
x X X a a’
121. jx2-arctan—a’x:—-arclan———-ﬁ+~//1(a2+x2)+C (@>0)
a 3 a 6 6
. X 1 X
TEBA : Ix2 -arctan— dx = —J.arclaﬂ—a’f
a 3 a
3
x xol 1 1
:—-arcla/z——~.|‘x3-7-—a’x
a 3 1+(f)z a
3 3
X a X
= ——warctan———| —; dx
3 a 374 +x
X X
=—.aqrctan— — — ﬁa’f
3 a 67a +x
3 2 2 2
x X acx +a —-a ,
=—.arctan— — — ﬁa’x
3 a 6 a +x
3
_x
— rclcm———jdz —j de
3 a +x°
3
X 2
? arclcm———ja’ —I a’(x +a)

3

x X a a

:—-drcldn———-x2+—/n‘d2+x2‘+C’
a 6

a+x >0

x x X a a

g Ixz carctan—dv="—-arctan———-x* +—n(a’ + x**)+C
a 3 a 6 6
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122. J‘axa’XZL-cf +C
na

1iE B :J‘aIdXZ LJ./}ia-aja’)c
na
(@) =a" na,Wa naty B HE AN a
J‘a’ra’x= LJ.a’a’r
na

:L-d’r+C
na

123. J‘e’”a’XZ l-e”* +C

a
. A Y 1
WS ar=pu ,MNx=%,dvr=—du
a a
ar Lo, 1
je a’xz—J.e“d/zz—-e" +C
a a
=l-”+C
a
124. J.x- e“dr= %(czx—l)e‘” +C
a
iﬂiﬁﬂ:J.,r-e‘”czirzljxde"’r
a
=l-x-e‘”‘—- e dx
a a
:l-x ‘”’—Lz e“ dax
a a
:l-x e”x—%e”xth
a a
1

= aT(aX_ De™ + C

125. Ix” e dy = l-x” e — ZJ.X”_I -e“dx
a a

1iE B :Ix” M dr= lJ.x” de™
a
1

zi'xn'eax_lj‘gardxn
a a

1 n ax 7 7—1 ax
=—-x"e" —— | X" Py
a

a
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x

126. J.x-cz’rdx:i-a’r— ! ca
na (Ina)

JE B ¢ x-a/”a’xzL xda*
na

L S S P /A\;uzz:ja*dxzi-a* +C
na na Ina

-at+C

127. J.x” -a"a’xzi-x” -at —LJ‘xH ~a'dx
na na

iJEE’f]:J.x” -d"a’lelj‘x” da*
na

x 71
=—x"-a ——|a'dx
na na
1 Y/ _
27-.,1’” 01_7 ”l‘dxd.x
na na

128. J‘e”-sz'nbxa’XZ e (a-sinbx—b-cosbx)+ C
a + 5

1iE B :J‘e”x -Ssinbxdy =— —I e“ d cosbx

=——- " coshx + l j cos bxde™
b

a . a .
e N eosbx + b—z -e” - sinbx— b—z J sin bx de™

a . a .
Ce™ - cosbx+ b—z -e” - sinbx— b—z J sin bx de™

2

R, — S — = |~
+

2 4 ax . 1 ax a ax o
#% 0 F K3 F . yE Ie -smbxdx:—z-e -60s5x+b7-e ~sinbx+ C

ax . b ax ax .
'.J.e ~sinbxdy = — 5 e -cosbx + 5 e ~sinbx+ C

a +b a +b
1
=———~-e"(a sinbx—b-cosbr)+ C
a +b
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129. J. e” - cosbxdx = - (b-sinbx+ a-cosbx)+ C

at + b
> ax 1 ax o
uEEN:J.e 'cosb,m’x=zj'e d sinbx
I . . Lp . .
=—.¢° -smbx——jsmbxde
b b
= l -e™ - sinbx— g_.‘sz'/sz- e“dx
b b
= l -e™ - sinbx+ %J' e“d cosbx
b b
=l-e"”-sz'lsz+i2-e‘“-cosbx—izj.cosbxde‘”
b b b
2
=1'e‘”‘-sz'nbx+i2-e”'cosb —d—zje“”fosb,m’x
b b b

a+ b
bZ

2
S0+ Z—Z)I e - cosbxdx = I e - cosbxax = ; e - sinbx+ b—a; -e™ - cosbx

-e“(b-sinbx+ a-cosbx)+ C

\

. Ie‘”’ - cos bxdxy = 5 5
a +b
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130. Ie’ ~sin” by dy = JERNpTR.

v e . — By Daniel L
e - sin””" bx(a- sinbx— nb- cosbr) y baniel Lau
n-(n—=1)6

+ 2 2 2

a +bn

TE B j e - sin” bx dx :J. e - sin" bx- sin® bx dx :J. e™ - sin"” bx-(1- cos® bx) dx

. n-2
J. e™ - sin" " bxdx

= J‘e”’r - sin" " by dv— J. e™ - sin"? bx- cos® by dv D
X J. e™ - sin"? bx-cos* by dr= # J. e™ -cosbx dsin"" bx
b-(n-1)
= . ™ - cosbx-sin"" bx— o J.sz'n”*l bxd(e” - cosbr) @
b-(n-1) b-(n-1)

X j sin"” bx d(e™ - cos bx) = J. sin”" bx(a-e™ - cosbx—b- sinbx-e™)dx
= czj e - sin"" bx- cosbx dy— bj sin” bx- e dx ©)

b j e™ - sin"”" bx- cosbx dx = ;I e - sin”” by d sinbx

l ax . n l . ax . n—l1

—-e” - sin bx——jsmbxa’(e s bx)

b b

= ; -e” - sin” bx— ;J.sz'nbx[a- e - sin”"" bxa bn=1)sin"" bx-cosbhx- e \dx
l ax . n a . n ax ax . n—1

—-e™ -sin” b ——Ism bx-e a’x—(n—l)J.e -sin”” bx- cosbx dx

b b

2 ser ax . - l ax . n a . n ax
ﬁ?lﬁﬂ?fﬁijﬂﬁ:je - S lbx-cosbdeZb—-e - Sin bx—b—jsm by dv @
7 7"

HOERIONOEN: RS :j sin"” bx d(e” - ¢ DY)

2
a . a . .
= b— e i sin™bx— b—j sin” bx- e dx— bJ. sin” bx- e dx
71

7
2 2
= éi e - sin” br— a;:bnj-ﬂ_”” bx-e™dx ®
77 71
BB XAKANQ XTF :j e™ sin”? bx- cos* brdy = b(ll) -e™ - cosbx-sin"" bx
. ”—
2 2
- m -e™ - sin” bx+ /-’-(b”l)j sin” bx-e™ dx
. }7- }7— . ’Z- }7—
¥ XRADXF :J.e”” - sin” bx dy = J‘e”’r - sin" " by dv— b(ll) e - cosbx-sin"" bx
. ”—
2 2
+ 2# -e” - sin” bx— %J.Slh” bx-e™dx
b -n-(n—1) b n-(n—-1)
#% N K 3 1% :J. e“ - sin” bx dr
2
= % J.e‘” - sin™? bxa’x—¥ e - cosbx- sin”" br+ % -e™ - sin” bx
a +bn b-(n—1) n-(n—1)b
2
= ”z(”bi)bz-J.e‘” csin"* by dv— ; b/;z : -e™ - cosbx- sin"! bx++bzz-e‘” -sin” bx
a +bn a +b'n a +b'n
:az+lbznz' “ . sin"" bx(a- sinbx— nb - cosbx)
”(”_1)62 ax . n-2
+m J.é BRY//4 bx dx
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131. J. e” -cos" by dx = P e” -cos"" bx(a- cosbx+ nb- sinbx) By Daniel Lau
(n-1)5
+ % J. e - cos" bxdv
a +bn

TE B j e - cos” by dx = j e - cos"? bx-cos’ bx dr =J. ™ - cos" bx-(1— sin” bx) dr

= J. e - cos"? brdr— J. e - cos" ™ bx- sin® bxdy D
X J. e - cos"? bx- sin® brdr = éj‘ e - sinbx dcos" bx
b-(1-n)
= . e” - sinbx-cos”" br— b J. cos"" bx d(&™ - sinbx) @
b-(1-n) b-(1-n)

X j cos"™” bx d(e” - sinbx) = J. cos"” bx(a-e™ - sinbx+ b-cosbx- e )dx
= aj e” -cos”" bx-sinbxdv+ b J. cos” bx-e“ dx ©)

X j " - cos"™" bx-sinbxdr=— ;J‘ e - cos"" brd cosbx

__L e -cos” br + 1 J. cosbx d(e™ - cos"" bx)
b b
= —; -e” - cos” bx + ;J. cosbx[a-e™ - cos” bxAb-(n+1)cos”” bx- sinbx- e \dx
1 ax 7 a 7 ax ax =1 .
= —Z-e - cos bx+ZJ.cos bx-e a’x—(n—l)'[e ~cos”” bx- sinbx dx
A%\ H 3247 | e - cos” b sinbx dr = _bl e - cos” bx+ bij. cos" bx-e“dx @
7 7"

 IOERAPNOEN: FE :J. cos"™ bxd(e” - sinbr)
a a’
=——de" cos" br+— J. cos” bx-e™ dx+ bJ. cos” bx-e™dx
bn bn
2 2
QW . cos” bx+7”.|‘cas” bx- e dv ®
bn 7
P OEWAPNOF wii :.[ e eos"? bx- sin® by dr = 17(11) e - sinbx-cos" bx
(1=n

2 2
+ 2# -e” - cos" bx— ﬂjcos” bx-e™dx
b -n-(1—-n) b -n-(1—n)
¥ KAANDXAF :j e™ - cos” bxdx:je”x-cos”_z bxa’x—#-e”-sinbx-cas”_l bx
b-(1-n)
a “ ” a+bn
e cos" br————

+—
b -n-(n-1) b -n-(n-1)

j cos” bx-e™dx
#% M 1L I1F 2| ™ - cos” bxdy

—a’ -0n
(n-1)A?
:”2(”62)1;-16”’6‘0&”_2 bxdx+2bz22-€”-szhbx-60s”'l bx++b22-e‘”-cos”bx
a +b°n a +bn a +on
1 w o n(n=1&"

_ n-1 7
=——— € -cos" bda-cosbx+ nb- sinbx)+ ————
a +bn a +bn

b-(1-n) n-(1— n)B?

1 a
—2 . —1
D‘ e” cos” bxdv— ———-e” - sinbx-cos” bx———- e - cos” bx

2 -2
J. e” -cos” " brdx
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132. J./ﬂxd,r:x'/nx—
1iE B :I/nxdx:x-/nx—jxd/nx

:x-/nx—jx-ldx
X

x+C

= x-/nx—J‘dx

=x-mx—x+C

dx
x-lnx

‘iﬂ:-B}:]:J.

133. j
dx

x-Inx

dx:/n‘ /nx‘+C'

1

dr = j—a’/nx

nx
=//7‘ /nx‘+C

R :(nx) = 1
x

134. J.x” '/ﬂdef:L-x”*l (Inx— ll) +C

n+1

1iF B :Ix” Inxdy=

- 78 -

n+
MY 1)
n+1
_ hxtﬁﬁ/
n+1
— /ﬂ.l’ 71+1 _ 1 X}H—la]/”x
n+1 7+ 1
— /”'X 71+1 - 1 J.X”dx
7+1 7+1
_ lnx 17+1_( 1 )2 oy o
7n+1 n+1
1 71+1 1
= X" (nx———)+C
n+1 n+1
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135. I (lnx)" dx= x-(lnx)" — ﬂJ‘ (I dx
” n—k ”! .
= x; (-1 ~E-(/ﬂx)
FER ; j (lnx)"dx=x- (Inn)" — j xd(lnx)
=x- (/nx)” —Jx-n- (lnx)” -ldx
X

=x-(nx)" — /zj (L) dx
=x-(lm)" —n-x-(lo)"™ + /zJ‘ xd(lnx)""
=x-(lm)" —n-x-(lnx)"" +n-(n— I)J (L) dx
=x-(l) —n-x-(l)"™ +n-(n=1)-x-(Inx)"> —n-(n=1)-(n— 2)'[ (L) dx

+ (=) n-(n=1)-(2=2)--3x2x1-(/nx)"" - x

B n—k
=2 (1) -’/Z-(/m)f

136. J.x'” “(Inx)" dx:L-x’”H -(Inx)" —L.[xm (Inx)" dr
m+1 m+1

ER: [ ()" dx=#j(/m)“dx'”“
e+ 1

TR AN j " d(Inx)"
1+ m+1

:L-x”’” “(lnx)" —LJ‘X”M (lnx)"! -la’x
m+1 m+1 X

_ b " ()" - 1 Ix’” (lnx)"" dr
m+1 m+1
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(&) 2FHHRGRY (sr-140)
137. J.S/zxdx:cﬁx+C
TEB : o (chx) = shx,BP chx ) shat 7 o 3
" J.S/zxdx:ja’cﬁx
=chxr+C

138. jc/zxdx:s/zx+ C
TEB o (shx) = chx B shx Ry chat 7 ok 2
" Ic/zxdxzjds/zx
=shr+C

1309. J.z‘/zxa’x: nchx+ C

JiE BA) :J.f/zxa’x: J.%dx

chx
1
= J —d chx
chx
=/nchx+C

140. J.s/zzxdxz —§+ is/z 2x+C

2
,1’_ —X e x+ — 1
iEHH:J.s/fxdx:J.[e 2€ j ar BT chr= ¢ 2€

= ij.(eh +e& "= N

(L H £ 7%)

(i 4 5%)

€2x €—2X ¥

= = —+C
8 2

8

A S -
a.,_i.i
2 4 2
x

+C

:——+l-s/z2x+C
2 4

141. J‘c/zzxdx:;+i's/z2x+ C

—r : x —r
iﬁﬂﬂzjcﬁzxdx:J(e +2€ j dx ’E: =S +2€

= Lllj‘(e” +e 4 2)dx

(i 4 7%)

(X A7)

@2 x 6—2)( x

= - +—+C
8 8 2
62)(

—2x
- e

:£+1.7+C
2 4 2
X

:f+l's/12x+C
2 4
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(+7) 289 q42147)

142. J.”cosmc dr = rsz'ﬂnxdxz 0

ii%@:.[”cosﬂxdx: lrcosnxdﬂx
—r no-r
—l-(ﬂ'nmﬁ” )
7 -z
| .
=—-simn (nr)——- sin(—nr)
n n
:g-sm(mz)
n
=0

. V4 l V4
ﬂ.ﬂfJ@:J S nx dy = —J S nx dnx
—T }7 -

1 T
= —;-(cosnﬁ_”)

= _L cos (nr) + L cos (—nr)
n n
=0

%é‘iﬁ%@@f?:rcmnxdx: J.”Sl'nnxa’x: 0

2

143. J‘_”cosmx- sinnxdr=0

X 100 :I.vin ax - cos by dv = — -cos (a + b),r—#-ca.f(a— b)x+ C

TER 1.5 # bt 2(a + b) 2(a - b)

Va

T

I”casmx- SInnx dy = 4 WAS cos(m+ n) L cos(n— m)
- 2(m+ n) . 2n—m)

-

_ _‘I—[COS(}}Z " /’Z)ﬂ'— C'OS(”? + ﬂ)ﬂ'] _ ;[00&(” — ]77)7[— C'OS(”_ m)(_ﬂ')]
2(m + n) 2(r2=m)
=0+0=0
2.% m = nbt
[“cosmre-simnrdv= [ cosmr-sinmedr  [$m:sinda=2-sinx-cosx
= — " sin2mr d mx
2m -
= — " sin2mrx d 2mx
A=
1 {
=———-cos2m
4m .
1
=————[cos2mm — cos(—2mr)]
Am
=0

225 91481,2 ?%'-:J. cosnx dx = J. cosmx-sinnxdr=0

- -
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{O , MFE N

V4
144. J. COSMX - COS nx dx =
T, m=n

-

1EB 1.3 m # #bt

. l . T 1 . V4
j cosmx-cosnx dx = ———-sin(m+n)x, ————sin(m—n)
- 2(m+n 2(m— n) .
=———[sin(m+ nyxr— sin (m+ n)(—xz)]— b [sin (1 — n)m + sin (m — n)(—7x)]
2(m+ n) 2(m — n)
=0-0=0 /A\i\“102zj.cosax«cosbxa’x= -sin(a+b)x+ ~sin(a—b)x+C
2a+b) 2Aa-b)
2.% m = nbt

T T
j casmx-cosnxa’x:J. COSMX - COS mx dx
T T

R 94 :Icoszxa’x =£+%~J‘fﬂ 2x+ C

[\

z 2
=—| cos” mxd mx
m -

1 %” 1 %”
=——-sm2mx, +—-m
4m ., 2m .

= R [s272 27 — sin (—2mm)] + g & %

Am
=7
. . T Osfm=n
AT 1,2 45 J cosmx - cosnx dyx =
-7 T, m=n

z ] 0, m#n
145. Jsmmx-smnxa’xz
- T, m=n
TER : 1.5 m = nbt
o . 1 . i o ’
J. sinmx- simnx dy = ~————-sin (m+n) +———— st (m— n)x|
d 2(mr+ n o 2(m-

-

= __ [sz (717 + n) — sin (m+ n)(—x)] + ¥[J‘lh (m— n)z— sin(m— n)(—x)]

2(m+n) 2(m—n)
=0+0=0 MR 01 : [ simar - 50 -1 . ;
~X 101 .Iﬂnax-sm by dr = — -sin (a+ b)x+ ~sin(a—b)x+C
" 2(a+b) 2(a—b)
2.9 m = nit
J.”szhmx-szhﬂxdxz J.”Sl'ﬂz mx dx r 1
-z -7 AEN 93:J.51}72xdx:5—z~s1'/72x+€

1 )
:*J‘ sin” mx d mx
m /4

l %zz 1 . %7[
=—-7 ———sn2m
2m ., A4m .,

= _ L. [s222mx — sin (-2 mx)]+ .z
4m 2 2

=7

0, m#n

RS
S
P
=y
o
o
—_
[\
-\

v z . .
: :I ST mx - Sin nx dx =
T, m=n
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0, m#n

T T
146. J SZ'/’Z”ZX'SZ'/’ZIZXQIX=J. coSmx- cosnx dxi
0 0 _

, M=1
2
WERA 1. Y m = nbit

s a

rsz'nmx- Sinnx dx = — b s (m+ IZ){ + ¥si/¢ (m— /7)%

0 2(m+ n) o 2(m—n) 0

L 1o AP SN
= —m[ﬂn (m+ n)z — sin 0]+ Yo Lsin (m— n)z— sin 0]

=0+0=0

V4 V4

1 .
+ 72(/” 2 sin (m— ﬂ)%

0 0

/! 1 .
J cosmx - cos nx dx = ————- sin(m+ 7n)x|
0 2(m+ n)

[si72 (m+ n)7r — sin 0] + o [sin (m1— n) 7z + 5772 0]

- 2(m+ n) 2(m—n)
=0+0=0
2. % m = nb

T T
. . .2
L SInmx - Sinnx dy = J; Sin” mx dx

1= .,
:*J‘ sin” mx d mx
m O

1 {’ 1. {’
=—-mx ——-Sin2m
2m o ,

= b [s272 2am70 = 507 0] + 740
4m 2

2

V4
.[) COSMX - COS X dyé= L COSX - COSmx dx

:7"' cos” mxd mx
m 0

1. { 1 {
=——-sm2mx\, +—-m
4m o 2m 0

= L-[51'172/7m—sz'/7 0]+ % +0

4m
N
2
0, m#n
S S 4 7, . z
AT, 2 4% J smmx-smnxa’x:j cos mx- cos nx d g
0 0 —, m=n
2
VA LB R K

~stn (a—b)x+C

-sin (a + b)x +

&iﬁ.lOl:jsz’naxwz’nbxdx:— !
2a+b) 2a-b)

-sin (a—b)x+ C

~sin (a + b)x +

A 102 :J.coyar-cos b dv = o ! [7) a5
a+ a-—

AEN 93:J.ﬂ'/12xdx:§—i-51'}12x+C

IANEN 94:.[6’052Xaﬁ’=§+%'51'ﬂ 2x+ C
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147. 7, = jogsz'ﬂ”xdx: J.E cos” x dx

0

_/7—1

[/1 7[/1—2

7

-1 n- 4 2

2ol LA o kT E R, /=1

_Jon 7n—2 5 3

- - 1

n-l»-3 31~z () EABH), 7, =2

n n=2 4 2 2 2

z 1 > n—1¢%
N 5 . . -1 - 5 e on=2
IEAD: 7, :JOZ sin" xdy=——-sin"" x-cosx +7J.02 sin" " x dx
n ”

0

l . —1 T T . —1 Y/ 1 i[ . -2
=——(sin" —-cos——sin"" 0-cos0) + —— J;Z sin” " x dx
n

/s
:L_IJ‘ESIh”_zxa’x:L_lffz
” 0 ” 7
L Ay O 3 4B
]ﬂ:”;.”_?’ ..... i.%..Pszhxdx
7 n-2 53
ol e A2 Ceosof:
n n=-2 53 ’
_r-ln=3 42,
n  n=2 53

FA6, Su=10, / = J‘Ozsz'nxa’XZ (= cosx)‘og =1

L R B4R H
]”:L_l.”_?’ ..... é.l.jgslhoxdx
n o n—2 4 2%
n-1 n-3 31 z
— T .. — £ (x)2
e Rbre AL
_r-1 n=3Q N1 %
n =2 4.2 2
WA, Gn=00, 7, =|2sin’ xdr= (D) :g

EAQ: /7, :J.OEC’OJ'”XQIX ...... 7R [B) 22 7T iE
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HE: FTHRAZEADEFIHFHAX

1.(C)=0 (ChFH

2. () =px @0

3. (sinx)' = cosx

4. (cosx)' = —sinx

5. (tanx) = sec’ x

6. (cotr) = —csc’x

7. (secx)' = secx tanx

8. (csex)' = —csex cotx

9. (a") =a"-lna (ah %)

10. (&) =¢€"

11. (logax)':; (a>0)
a

12. (/nx)' = 1
x

1

—

13. (arcsinx)’ =

1—
N

2
X
, 1
14. (arccosx) = ———
1—x°

15. (arctanx)' = 5

1+x

16. (arccotr)' = — 5
1+x
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