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Abstract: Probabilistic graphical models are powerful tools for compactly representing complex probability distributions, efficiently
computing (approximate) marginal and conditional distributions, and conveniently learning parameters and hyperparameters in
probabilistic models. As a result, they have been widely used in applications that require some sort of automated probabilistic reasoning,
such as computer vision and natural language processing, as a formal approach to deal with uncertainty. This paper surveys the basic
concepts and key results of representation, inference and learning in probabilistic graphical models, and demonstrates their uses in two
important probabilistic models. It also reviews some recent advances in speeding up classic approximate inference algorithms, followed
by a discussion of promising research directions.
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Fig.1 Bayesian network of five variables and its union distribution
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Bt T

Fig.5 Representation of graph models of Ising model
5 fH(Ising) B A i [T Y 2 o
221 IRERAE S

A5 4% (loopy  belief propagation, fi % LBPUT) & [ 5 & A4 J7 1L 10 FUARHE) WAL 1R LBP 15
VAR S35 18 DX AN AE T & TBOR T T B30 T S SR R JAE 0 AR A8 AP U5, IR e o VF A A b AT S0k DR B
IR 45 A2 TS A0 GBI R Cp kT X AR B A B AT BESE I T Cyxb YRR &, BE 1 AL 3R 0] 5 I % KT
XA &3 R 13X AT e 80 X B & 0 i i, sl WS B i (0 20 A1

S B AR A A IS AT G5 R T RAR R e oS30, B 2 PR A fR DR AUE (ELAE S B v SR I 2
NG 58 A G AP ) ) B 9 R, 3 44 (1) Turbocode fift i 57 30 st i F I -5 3 R 175 & A 48 S S 0 190,

A LAUE B 70 A BT BB AT IR A A B S0, A 1 SR AR SO0 A il R 1) — 22 DAY s i 25 A0
TALfe Bethe I {BLAK) fiE B bR KL, 110 29 SR A% (R CEE SR B G AR B (110 G o A — B AR R % B I AN PR UE IR 3 A
fh o A — 2L
222 V¥l

T 3o 6 AT AT 88t I B %2 40 R AR, P H 3 (mean field) Sk ALK H bs B3 5 — AN A B AR D AE AL
SRR PR et b 6 S 2R e S AL A L R i A ) T B SRR R AR ) A

A(0) = sup((O, 1) + H(Py,,))) )

1M
o, QAR S o2 0 NI IR AR %S HOR 78 70 Ge vk B M PR Ol 30 2 (W) 22 T 435 o3 2 I A & BE
()L G oy AV FE G o) 9 R H () I 90 A (098 0 K T gy A2 70 5 0 T U 5 oo IO 52 20 2 00 O 2 SCHA 93
i P EETIIN ={u: g1y, = o,y BARSZR AT M, IR 24 76 25 45U 5 55 780 BT A a0 8 B fy — it
R ey, S HRAP S A () i A AL AN T, HLEX 2 R B 504 17 0 2 T AAG BT 5K

H(Pogy) = =2 (44,109 41, + (L= 11,)log(1 - 11,)) ®3)

veV
BT DRAR 1) RS BEAS g0y 53 002 MDD, R W] DGR AT AR AR 5% T A oy, BEAT A B0 07 VR SR AR A5 21 a0 S8
JifEh
1
Hy = )
exp[—@v - Hu,uu]

ueN(v)

2 EF SN 152 1 10, AT A(O) B S5 1) S8R 11 - 257 B 30 AL,
2.3 BEFimiER AR

YRS T B 5 DR IR SRR 7 VAR A T T SR B AR 3 2k (4 ) 23 A R A B B S — g 4 T gk
JPEMIF R 2 SRR eV ke . BV R RS20 o ok P TR W) B 52 R B (MCMC) 2220 kA
5525 5 W B 5 VR AN ] FE T I SR AT I BE (1) S HE B O V0 AE — 5 454 T FR AR 1 RE NS 3 T M ST B0 SE A0 A AN
Lk, e I FL A Sl 1R T A R Ak I B A A, S JR AT SR VR A I TR VR A R LS PR A R B A A
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BT BT BRI BT AR 43 Do A0 i B A v
231 FE4aMRAE
0.4 3R AE = 5O AS — B30 R 45 245, 2 2 DU S0 I 4% wh SR (10 5 35 B0 7 6 5 R A% PR 23
A NSRS G Al RE, WIS BUREAS x (AR P(X). A5 LI AR B X=X, 71 1) A8 5 X, WA :
> POOUX, =x]

K{Xq}

2. POOILX, =x,]

RIAE AT 55 00— S il A b 2 M AR B X=X 1 B A R IRAE xq FO 45 PR R0 VR R B B 2 M 1[X =X R T
AR & WA H RARHCE T 0,8 1, 35 244 1 SRAT ANl H T A e DA KA R R WL PR A 2.
232 FEEVERFE

TR RAT B SRR IR S5 — 20 A0 B REAS, TR AR A B X AR A AL, A RE A SR RCT 2K B H bR 73 A0
ARG TG T X I R& L F(OX), AR 20 AT a(X), B A28 A1 p(X), i B

£, (1 00) = [ 100 2X) g )ax =25 £ (xyw, w = 25 ©)
P a(x) M T v a(xy)

ARSI AT qOOFFERR BILXy, ... Xnd, V5 wi BEAT TR AL, BRI 45 31 E(FOX)) I 5 — R I B R 2 A4
1 p(X) = p(X)Z,,G(X)=q(X)Z,, i AHE I 46 B AL, /TR

z s)] Z i
Ep(f(x))=ZqEq{f(X)p(X)} p:E{p(X)]

P(x, %)=

(®)

: a9 |z, e
153
E{f(X)?()):)} S
E,(f(x)=—t— X & %
p(X) 3w
7L 6(x) =i
e - PO

acx;)

DAL, TR T LA AR 3145 96 T H b 43 A7 1) e UG o

PR BAR HEESR q(x)>0,xe{y:p(y)>0} (HAF q() 5 p(x) 22 B R Al v R 8 22 AR AR R 45 4B K 55
AR BB K T 221 K FE (annealed importance sampling, i #% AIS) AT LU A ik 12 22,

ABLAR FSE A A, 2 — i P 1 PRURSE B e R0 e v DA 1 R B SRR (8 — AN ARe 491 70 ARLAR B AL oy R AR
SR Fe B Sk 7= A

BiE L RUREEIRL

N WM B (B Xe).

it RS X DL A TR SR w.

(1) we1

(2) foreach #i#hHEfFHIIEE | MR do

(3) ifieEthen

(4) Xi<—X;
(5) WWP(Xi| X i)
(6) else

(7 K Xi~p(XilXngiy) A
(8) return (x,w)
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2.3.3 MCMC 5%
% Fe B AL A B XOR A ) _E M BEALE FE XD, . X O, 01 538 24 BR800 AT A 3
R KRB XOW) 2 AT 5 30 43 A R 3K — VAR MCMC S35 T AR [R] BRPIR 25 36 8% 7 3 2 1)
MCMC S FAT AN R 0 . T ThD 3 2 A0 28 e 187 A dee i UL 1R P Ff 5925 Gibbs il 11 Metropolis-Hastings 5772

e Gibbs #iff

Gibbs AL SFLVEME E AT B A X, RATTAT LU pilxi) TPl ie 4503k B 4 — 2D 4R TRk i — AN AR 4, DL H A A%
S0 AR 4 A, AR 5 19 4% A1 20 A b iR B L.

Gibbs HlIFF B AR T SR 17 A B A e T — I R R T — A A8 i, R LI ek () R B (blocked) Gibbs
FETEAE— 5 RE 08 0T AH T 4% 110 57 1 A8 2 [F]IF e B AE 2 A0 pOxalx i) A RE B TR 3 6F, Gibbs Sl ANIE H T
Gibbs iRl LLE 1E R 444 1) Metropolis-Hastings 5.9 (1) —AMF1.

e Metropolis-Hastings #1%

Metropolis-Hastings 5 H A 5 A R k. e SR E AT T LA A=k 77 IR 2 7% 18] 1) 5 2R W O %, 9 FL e
TH A 2 (1) A5 BRORE 26 R0 LU 3 AN (R A R ABL AR bl JRATT AT LA A 5092 38 o1 AN I 1 4 130 23 A1 (proposal - distribution)Q,
T8 3 478 i 4 52 ME 28 (acceptance  probability), {80 25 5% 4% 43 A0 B b 2370 395 A2 40 P45 (detailed  balance) P )i, A
PAHE, B Q(x—X") R 7 HURAS R R BN x A2 BOIRES X LR 25 8 A(x—>X )R IRS B x—x' 142 52l 26, ) i
I BT i A

A(x—>x) _ p(x)Q(X = x)
AX' > x)  p(X)Q(x— X))

(8)

P()Q(x — X))
W BATAEE WA Q (ML PR R AT VLA 5 i 1 B2 S22, [R) I S BB 3¢ D 1 4 T M AR RS 25 a1 11
AN TR D3 A 52 B v, B9 1R 2R A A3 A0 M T Mk 26 49 A 10 52 4 8 DA B B0 6 T 3 T il 7 ) AR — S8 S Y
MCMC 53 51 n#E) ¥ Swendsen-Wang 52324211, & Hamiltonian Monte Carlot®177 v &+ %) 7 8] 1) 5 Th) %o 4
AREERAT T ot

3 BIREEENES

PR AR BEZ L R AU MRS A, T AT a2 B UL 5 A % AU I K gk
PRI 1) 22 R B A ) 3K 53 S JUR AN IR (R385 0 DL o B ) 4% 5 8 7R ] R ) 4% i A 7% 2 8 o OR300 g 9 2 i
LU 43 A% ek P A 2R 5 5 A L 0 RSS2 il 45 ) AR 0 PR A AR AR [i) (0 55 000 7 2 — 2R B [+ ¥ 1 i)

FE 2 B0 E 0 AS TR HE D) o — ol A T v 02 B K B4R i 71 (maximum  likelihood  estimation, fij F&
MLE), B[ 2 450 ] v 3 A7 00 000 45040 1) ARL 4R e oK 1R 2 8 53— Rk by 5 K5 3% (maximum  a posterior, & #¢
MAP) {4 1177 ¥ - R S 80 18] P 5 B ME R 35 K 0 2 30 LR D B0A 17 20, AT A 4 de RASR A V1 05 ¥ 6)
N [ J5 K J 36 A U ) S8 A IR 75 ¥ 5 AR AT S R B 1 2 B R BT T A A S BRI B LA
ik TG J5 56 43 A (¥ DUk ST 40 T 7 vk
3.1 ELEAMNRE RS EEIT

BT CANE R IR 22, 56 A T UL I AR 7 (1) 2 > i f A2 5 248 2 > ) f0 v S5 7 24 119 4R 1 BP0 7 3 i o 1, D
I 47 X 4% R 2K AT SR I 8% 1) 2 ) SV AR M AR AT 35 AR 1 S 1R BRA 1K 25 3002 D B X 4% 4 2 B A T e 2 T
O3 AR ID, DR T 25 5 SRR g8 AEL & Ty JR T SR 09 266 1 1 DAL Gl 2 o S 00 A — e 5, 1h 4 R JE — A 0T R I R A 2
K TR AR 1 KT 2 ST A
311 Ahivh DU ST 2% 1K 2 4L

Xt DU 2 G AR LR B S O X, B EO O WIFEA Ay D={XD,... XN}, JUALLEK o5 3

W A > X) = mm[l,p(x')‘?(“”] VT S
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N . .
L@:D) =TT IT px" 1u(x,)":6) ©)
i=1 Xjex
TR A LR B B i AR DR, B
N - .
max (¢; D) = Xz mg?xgmg p(x{” u(x))?;0;) (10)

B T R, 55 4 T 1 LI 0 26 o 50 LA 23 O 7 40 A A 6 B2 3 1 0 23 K A
L
312 IR T A B K
T JR ] T W 26 H,— Bt 91— PR A 5 B2 A 7 (log-linear model) A5 2 Lb ¢ 7 IR I 74 & 8
C, 25 O LR T ) L4 2 S
p(ylg)-Zgb)EXp[2:6g¢%(Y)] (11)
A LLE W1, 5% 4 AT (%0 5 2 5070 (% 5 U B8 6T 2 K O 4 190, R 0k 7 BL SRV BR i 7 5 A 5
JCRLAA AT A S AR 66 KO T 4 15
2§L{;§yumﬂ—aqun (12)
o5 10T B ISR Z o A6 (5 2 T 2 AR e 0 M % A9 K, T LRI RS
A 0775 AT 5 0 80 0085 5F 113 A ST A0 B8 — b P06y 78 e 80
1 LB AT IRE, D R 2290 20 o (R 9 BB 5855 2 550, MR SR L ¢ 10 BB Xt A VI 540
VORARSR AF1555 1 990247 e 1 I 60 776, BRI LT /1 11 45 B (miiniibatch) 6 S 6 40 77 0L/ 11 258
BIZE R AR 1T T B T8 555 t1 0B I SR LU 25 ORI B 38 141 25
Fly MCMC i AT T T 25 T 56 G 2 B LI LA T V5 T B30 O 75,
5 A A 50 Dy A 0 607 S e 1 4 0 2 A 1 TR 074 e SR 40
LA

1 N D
@) ZNZZIOQ P(Yia | ¥i—a:0) (13)
i=1d=1
16 20 B VI H bR B KA T 45 o A 2 AR (CURR AL & BAR). 78 T 19 E A% B8 20T, 7T LS 7 DL 7 1Y)

25 v AL A S B0 T ) R4 i DA A AN S R 43 A 1R S B U e A R 0 B R W] R BE R b B R R S iR
RABUER H b 55 0, 28 T 3 ol S8 P 6 — MBS 2 AN J .

E% 2. A MRF 1B ARSI,

(1) kEHLEIEHAUE O

) k=0, =1

(3) foreach %k do

(4)  foreach K/NA B I/MILIIZFE A do

5) foreach s=1:S do

(6) i y**~p(yl )

@) amm=éz;ﬂww

(8) foreach /NEUIZFEA TR | AMFEA do
©) 9 = #(y) — E(4(y))

1
(10) Ok :EZiEB Ok
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(11) Ocr1= G119k
(12) k=k+1
(13) Ky
32 BHRERKEHNSHLIT
Xof T A i B i 2R 4 kg PR R 50 40 I R AR T B e 2k DA 2 BOHR 56 4 i O (B AR =) Bl ] 32 BT
VOB B A7 A8 i TR A 0 7 AT R SR AR R I 00T B A0 T D 30 9 286 e R A 5040 2 TR AL AR R 50 10 1) R s A
R 20 A R /N R ) . — AR T B R S B i v
o BRIE EFFERE A AL H FR B B bR TV BRI A R D T B AR O TR 2 5
()5, 7R B2 7 1) b T b TSR R A 5 SRR S T — AN R S A AR
o ER-m RAEIE(XRR EM S2) 2 — Pl b B 25 A5 5l 2R B0 () B RABUBR A T r) I % 1) 5 vk T VR Y
JELR SRR T PR AN A58 Ay 17 R TR Il - o A 25 L S 23 O R UL A S, HE I B A A 14 4 AT, SR AL I HE B
i L &5 5 T WL AR S R AR i 1 L S, 3K B KRR B v 2 bR ME IR A ) 0] LR T DL AR
N SR At e 0 2 B AR 43 M Dy A8 JEAT IR A 20 R A < S R D B TRAT AR HR A 2 S ) M A o
HEIE, SRAF B AR 15 1) 20 A, B SR A5 O ZOABLUSR bR 00 T B34 55 40 A RS R 70 de KA ™ 20 3R BT 1 Sk At
B KA ORFE50) LR bR ST R I RS 280 25 400, 15 21 S SR il o1 (. T DATE B, B A 2 SR 3 e 3 KLU AR vR 2
BRI, B K ST — A e B i AR i
SR, 15 56 4 ] W I ASE 2 ) ABL AR BR O 1) 7R A B AR S S D0, H bR iR 30— A 2 AN TR B AR R AR A ik o
SR T R AR DAL 1) R, A IR SR FH AR IR U s B R IR 5 I A 3 (pertubation). fH & 76 52 By o AR
TCVEORUESTVE REAE 48 3 d5e KSR AL v 16 4 SRy S A A
o T80 3 I A A e 2 AR B Al (R TR, 0 75 B 2% S8 A R Sk A R B LR AR ) R S TR AL B
b A A G R T U RT LR R AR B AR e R ARy VR AL B A S 0 AR — P B IE
3.3 HHES]

AEBCHRE o HE T A 2 TR] R AR DG 2R (R LSS B 45 1 ) FR) i) iR Ay 5 4 2 =) G ) 2 ) T LA T R AR i 2 [
B4 2 2R 481 T 8 B A 0 A S ) 9 DR 3R 0K (R A o 3R I A/ 3 e 45 A 2 0 SR A5 B0 1) A BRABS 2R AT A ok
o B A P AL B AT R ) 8 A B A IR I ) R AT 2 A 28 DL i I 8% 1) 45 i 2
)R] R G R AT SR D 4 [ 5 AL 2 ) TS 2 AR T LS SCHR[A] P AR 20 A 7 T IAH OGN 2R

LI 307 1 8% 6 A 2 S B 5 VKR T 4 S 3 2, TG AT A 24
331 ETLRMITIL

PBAE LT AR GT I T G rp 4 R 3T 19 A8 B (R ), 78 I 2R Bl v B 1 24 3 4B 4 2 Ak T A
B, GToE g S M T R B AR ARST 5 R U G A AR ) AR R A VI 4R B Tt AR T R A PR OX
PR T 3T 2RI 5 v AR B AR ke, 78 56 1778 2 ) 4 Ak b S P 9 8 o1 R R Al b 32 5 VR U 2R B0 SR 3
AT R B IR 4 AR 2 ) A — o P T 3% 07 92 R A P 22 005 O T4 PR 22 748 05 (10 4% fF b ik A )
FR BRI FIAG I 25 .

332 HTRAMIT

FE A9 03 W 07 450 G5 A6 2 20 1) JUG A Ay S5 D0 A T 80 A BB 32 7 v s SCHRE R A 4 i 550, AR 4 DI R A O 4 —
Tl i 3 25 A T 23 48 SR A5 93 50 v T 5 ) S 5 43 o B30I AT 1 58 T i 2 AL 21 R FHABLAR, bR B —— i) 5o PRI
B G, 1 SE 0 S B idm AR Al v, FH s 26 (R e BSR4 D G (A543 AR SX R AR A AR 1543 1R 7 v R B0
PG ——— MR, 52 = R B SR A3 5 1 75 4

DL 37454 0% A 280 38E S el oL I R B 10 180 L 3% 75 0 R BCR B RY. G, LIRS x A 4 1F 10 5 e R
YE Sy G HIF34, b b, 75 L5 58 S5 TRV G50 G R B30 W58 38 20 A1, FE X6 S 800 BT A B SRAR 2 IR ok X — 15
5y FAE BAG R 8 43 AT R Ry B 2 5@
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L3845 JEL v I (Bayesian information criterions, i A% BIC) 453 i DU 37453 23 (8 — il i A A AL, AT DA 4
VBRI ASAY S 407 ) (1 22 SRR S5 T DAIE WY, 5 i 5 DL et 30 194 46 1) A 48 2 B T, HR A Dirichllet 43 A {4 2
H S5 o3, U BE A A A £ ) 6 55, BIC 4590

scoreg,c(G:D) = I(@g :D) - IogZM
it o 2 2246 F— A UBIC #3431 HAT S vl — S50k, B BE 5 #4550 R 1) 0 55, 30 5K IR AL 45 44
(AR5 AT S50 25 A B ST I 1) 46 K0 ) 4 3345 de K 1 BIC 4347

M TE T AT 43 0N 75 TR A R A L v 1 PR AR ) 1 T S0 %A 5 A 1) LR AT O(n®) N T 4 B
AR BB AR Ak 0 T8 58 T Fp R R AR BEAR O R 3 e D0 45 40 1) o B30 50 24 B2 R B0 R 4% s e KON B £
FEBG AT T A A, T i A0 2 NP-E IR, — R H R e 21K T VR T AL SR A — b B Bk kI L
(hill-climbing)2: #7525, 85 S SRR IG A . Wi . T A% 0 10 U7 ) S AR B4, 4R R T s 19 43 IR 1)
333 DM BRIy

bR, 2 I G A T 0 55 I AR Ji5 50 A A A v T 3 SE R TR R R (R S AR AR AR, 2 I A A
L/ IR B 5 K £ 5 580 90 AT A AT DR AN B v S I A 55 K 6 P A 2R A AR AT AR 5 38 0 £ o s A 0
&7 AR AR FH MCMC Jy 23, 14 3 1 AS ] &5 ) 1) I A5 284 22 () 268 460 1) B SR W) SR 4%, 1% 1 Metropolis-Hastings 5
RS2 MR AT LSRR 001018 B A2 R TR 8548 1) S 6 40T R FH S 2R ] SRR 1) 4850 40 A7 il VHASE TR 255 4.

4 RFEB

A4 o Bl A BT 10 4R r A B RS FL3R A 3 17 P e R P
o G PRBANLEAPTE T AR AT KB LI 00— Fh AR 1, LR T T 2K T 5K B AL B 0 DR 38  TRS 7 E
TTHBE T LG A R FIREIE « T 43 B0 20, DR 7 (0 S S0 RIS 20 26k o 1 o ) 45
gkt ke
o MO — K BB SO A BT 1 MR R e T A B R B, A T R
VIO BIR S A2, R0 T SEREAN 0 507 45 1, L4 00T e .
41 SN

% fFBtHLI (conditional random field, i Fk CRF)/Z — )l SO R R, A )3 20 B AN vt SR LA 52 25 1)
R R AT 2 1R N AR A, A AR BEATL 70 4 — b A7 160 348 e 508 L AR L4 2% A 1) S 2R AT R B ML
1

DIm[G] (14)

p(y | x,w) = Z(wa)ljl//c(yc | X,w) (15)
T BATB B 2 bR B T N R AR A 0 Bk M 2R oK
o (Y | X, W) =exp(w.¢(X, Y,)) (16)
i, oY) & K T4 x FIRRES ye FIRFEAE ) & b 0 RT DS H 4R B AL 16 6] B8 BR 2
I(w) éli-lZ|:ZWI¢C(Yi'Xi)_IOQZ(W’Xi):| 17
DL
ol 1
W _NZ[¢c(yi'Xi)_E[¢c(yl x)11 (18)

C

FEEE] E[gey x)IHT 58 T A NZRREAS, DN AR R R N 2R RE 20 BEX R AN VI ZRREAS S 5 22
FERGIRY AR AT HE T JX — RF )AL A X TN N I ZR8R, 45 1 B ML (1 VI I 8] LE 5 2R AT R B ML 22K — A
O(N) IR A -7~ S 1y 3K A1 24 2% 1 BE AL 70 s R AN w R AR K DL 38 DX 3 DU N 0 2 A (s AN 2 B 55 i N ), R AT 1)
DA 1] A5 25 FR I N 4 R R A, T A A2 00 AR EL RS 15 5 BSR4 BE IR X
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42 EHIEE

T RS R 2 A ) DL A AR 7 SCAR N T AL AS WA A0 T VS B 25 ) J e A Y2 (.
WP 6 Fr7, 48 43 HEWT 1 H b e Y £ 5 38 1048 2 280 7,6, B, 73 K 6(b)H 7,q,B 195341 )L AT BEFEIL &) 6(a)
SXof I8 A% 8 () I 36 3 A 3 L FRATT I SCAR G AT 140 £ 55 A 208 2 SRR AR T R I Pl KA AL, B R SRS 11 P 2
SR VR A K ISR 5 3 REA T BN B — AN 12 A ) ] P by R B K AN T R ] P 7 A AN T ] Y
(M 23 20 A1 SRS I A= et A ph AV 3 Okl

Bk 3. FREBERL SO BT

MINHEZE a,,KVN;

it SOATE B

(1) for % ke[d,...,. K™ L do

(2)  HFEIRIC LR 23 AT byl ~Dir(y1y)

(3) for % ie[l,...,DIk kY do

(4) RS iR SCRY I A2 53 A | e~Dir(adi)

(5) for % le[d,....N]A ¥ do

(6) FlRE I 5] 1 8 | m~Cait(7m)

7 HOFEHA yalai=k,B~Cat(by)

(a) TR (b) FUBEAY f A2 3 3 ABL

Fig.6
K6
4.2.1 BB HER
o (JHII)Gibbs Hli £
FATIANZZ ) LDA 1) Gibbs Sl PS5 TF 4. 16 2, BATRT LS H T AR B0 se A 4 1 A

p(d; =k |-) < exp[log 7; +log bk,x“] (19)
p(z|) = Dir[{ak + z I(z, = k)}j (20)
T
p(oy |) = Dir({?’v +Zz 1% =v,z; = k)}} (21)
T

SR, BT A by #05 Hi A KR 5 7 (Dirichlet) 7 A7, BATT AT AR 43 1 230X 2648 & 5 H 31H 1) Gibbs 4l F¥ (collapsed
Gibbs sampling)[2%3:

Cox TV Cyta
G +V, Li+Ka
For il vy RoRET 1R SCRI AR | AN, ¢y FRORERSCR T A AN S AR I AT AR AN K TR B v
MECH, ¢ R BRSO T IEE | ANl S BT 4 AN R K SRS i PR (B0 H o R BR SRS 1 IR EE | AN

p(g, =kla;,y.ay) = (22)
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AN AN TR K A BB E T L R AR A ORI A B LS A U B S SO T AR | A B
B AN KRR I LT I 7 R K AR R (B 1 T DA A 1% R AR SCRS A R R (B 2 T,

FFAR(22), ATHT LASLILYTR K Gibbs HihAE SR (5L 4).

E% 4. JHRIN Gibbs HliFE.

BN SCARTE B}

Bt SCATERLE 5.

(1) WG BN A A B F R — A 8 ge{l,... K}

(2) for % ie[d,...,DIF A do

(3) for % le[l,..., N/ #id do

(4) it ¢, 0 M

(5) i JR 2 2 (22) Hl R 12 LA 1) R g

o LR R

- J5 56 o0 A1 A 5y LBz SR A, AT LR 28 43 HE W7 7 3%, I\ — 28800 <7 4 i 1 PR A 2R o - R SRS AR 1) B AR A
A 55 7 B0 PR 28 3 HE W A58 P 1 24 3 0 A0, BB 18 Ao HE T A% 1 (R 106 5 Ji5 0 A ) A S 4 R4

a(7;,¢,,B) = B(m; | )] TMul (e, [ ny,, €, )] ] Dir (b, [by) (23)
v k
R P AT MEZ R q(m,ci,B) 5 B AR 20 A 1 KL K 753 2100 T B8 )
Ty =0y + Z M Civk (24)
Ciu o exp(E[logb,, ]+ E[log 7 ]) (25)
ti/k =Nt Zéivk (26)

FH 22X (24), 3145 B 4TE A 23 HE W (0 308 805 (B0 5. B0 6).
HE 5. LDA [l A8 43 i AL .
BB a5, KIS ..

1 - 7k Civ Dk

(1) i 2 T A IR A B EM 7 Al T b, (4

(2) WIHAALIHEL Ny,

(3) while K8 do

(4)  su=0

(5)y for #ie[d,....DIf3CHY do
(6) (#,,6,) = Estep(n;, B, )

(7) Suc = Suc + MG

(8) for % ke[d,...,K]NEM do
©)  bB=n sy

B3%6. Estep(n,B, ).
WGBS o,y KL N,
it 7k, Civi D

(1) Vst 7 = o

(2) repeat

@) A =F A =

(4) foreach Hiii ve{l,...,V}do
(5) foreach £ ke{l,...,K} do
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(6) G = eXP(y, (B,) + v, (7))
@ 11k 6,
(8) Ty = Ty + Ny Cik

© until %Zklﬁik—ﬁﬁ(’d | < thresh

o TELARyHEEPY

VE R B AEHE A o HEWT o SR ISR ()0 BB A5 B DD BT N N SORY, E SCRY R IR RIE B R, XA K2 1
A TR] R B AT ASH: 55 B 1000 T ¥ AR A UGEAR R R AT AT U 1 AN BN 208 1 30 28 78 o G v A A S i

e B 78 70 G it B AR A AR B KA 2D SR Xt B K28 53 2 SO0t 3 S SRR AT 21 T LDA B 242 7y HE T
%

B 7. LDA [M7EZAR 3 U A P
BN S o, 5, K G Ny, 10, 5
(1) BEFLBILGL b,

(2) fort=1:0 do

@) PRa=(wt)™"

(4)  TEEEESCR i=i(t)

(5)  (#.¢)=Estep(n,B,a)

(6) by =p, +NnCy

(7 li/k =(1- pt)ka + ptﬁvr:fw
5 iE{AEIRRIANE

BE A TLER I A B 28 X 200 S5 R RIASE 2 P 1) M, T 0 iy e 4 i) SR A5, S T ™ K 7 3 — 28 IR, ] A
TR0 AR e ST 3T A 5 Sk PSR TR AT T AL R AT DO A O ) A 6 I — ) B, B R T vk
2B DUR JUP AR G A28 T T U 1R 9 J3 A 8 R B 7 925 81 ) 22 A Bl A S TR AT R0 40 A X HE ST B 0] A v A o o
PEHb AT HE R
51 HEMERRAE

BV S R B — Bl A R H I A IR R AR R SR N O VR AR AR AE I IR S S R T
URIEARKS T 3T T S50 S T A PR3 S AR T 22 01 L T, A 2D B0 S R AR 4 1 T Ok B A RO A A, T K 2
0T R L P AN SR TR AL DR TR Bl T R S U

o BRMETHRHE

Elidan®2 4 tH T —FhFR 5k 2215 @46 76 (residual belief propagation) 13 &l 58 57 i Fi &3k 1% B0k (14 5 57 30
DU A2 <A 0 B T E AR T IR B 5 A A 47 S 1 5L B T P O e K AT B

HARK VL ARG SRS A A 7 - A LI AR SRR v — N H e e
T8 JIT AT LA Y B B N & AR R 1 SR 5

V(%) = log Z(%(Xa\wxi)@(p > (f‘(t)(xj)_‘/szj(xj))j (27)
Xa\i jelg\i
B B AT B TR ZE RO AR 1
r=lve —vl (28)

PR t+1 FEIEAQ S AT e KB T B 5 2,
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(t+1) _
a-i T

(a—-i)eE (29)
v, JAbhE B
TEEF voi J5 T 5 | HEAR I B 7 Be I AN B 08D 35 2 0T U 5. S0 D AR A
B 8. B E oLk
BN:G=({X,F}T).
(1) & XARSEBI M
(2) foreach (a—i)eT do
() MR vasi
(4) foreach (a—i)eT do
Gy  REAREYD. ARXE8)HHE v, T,
(6) A (a-i)1EM PSRN 1o B (a=i)ITA M
(7) while ¥ EARYSL do
(8) id M I HETI (o)
O  Aveihv,
(10) A (a-i)1E M L ERCN 0
(11)  foreach pel\ado
(12) foreach je 73\ do

{17,(;)“ (o —i) =argmaxr,

(13) W AR@7). AXE)EHUH v, .1y,
(14) L H(B-I)TE M LI BUA 1

(15) 22 B(x) oc exp(zagﬂ V‘H(Xi)) AR B xeX (L5 45 B(x)

(16) R[H P(x)

LW b Bk A 15 A % J i ST e K A 1A J, DRt A B 7 1 B T 3R A (03 U8 SO T %2 I A
25 0] W it % TP b R AN B a5
5.2 FiTRomAHE

5 AT b T AR I R, FARIE S TR 2 L8 FIRAT SEILAR T, [R5 1 AT (5 & AR ik Sk
J A 2. Gonzalez 25 A BSR4 5% 42 k15 & 4% 3% (residual splash belief propagation) &y & —F 545 (115 &
FERE 7 vk RS B BT . & B A AT 55 RE S kD JC FH I S AE 2 A% AL A 3RS I R B
PETF VL AR 0 IR X BRI AT R 0 B A A SRS AT R R 9 R R L E A A T
(FRAAR) FH o0 i) — 2 ELAR T 1 B B dE AT, HLS R 8 58 00 s g AR 1, B b AR YT A5 1) 7 G R K TR b
e KA R

AR BTS2 B T LU A8 A 2 7E A — A AR S TR FY) R O 5 B R 9 K ek S, IR T, A
TARAF I AR B PR A AL, RS I 2 R T AR L 1) B L T A REIR AR RV 25 5 i [ 5 R 9
ATA5 2 % 1 S0 AR S AN TR 5, A6 73 BV e S50 2 B B2 AT FL B 32 B HL R A0 J T s (M B 2 5 A e T
B, DS L G 2 B R A 3 S b R AR T TR SR R A A AL B g 1 Ak B A el O S 4 R R
PR IR B 0 % B R R AT R AN - AR ST VR BT HE B (B Oh RO B 1) A IR 1 45 R IR 7 T 19 PR 580
bR g A TR A BT R B R A RAEAE T IR B 5. 2 5 15 20 e L2 B 4% v B BAAT Il 1, EL 2
A TR DR S KB AR W BB /N T — B A5 15 A A 1 SV e S OSSN 3l o, U RS I 2009 8L 5 AN 8 e 1
AN A3 R R TR, 9 28 1 BB SR AR R A AL 45

SR EE RS S WAL 9.
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B35 9. R WA SR EE

N RIARAE IR D A S B E .

(1) WIEA TS ALSE S Q

(2) 2T IR o

(3) forall 4P in parallel

(4)  while Q & KEEARIH B KT Bdo

(5) O HETH A THL A A v, 80 SR T

(6) Kk(v,h)

) foreach KUk #5152 Mi 1 10 5 u do

(8) 76 Q " EE u B B AR

9) (v, IV BERAR)HEAHE Q

H3% 10, GIk(v,h).

BN T IR E IR IR 0, TR v,

(1) MIELL v A B IR B h 1) B S8 R 7 (bfs-order)

(2) foreach iei¥i bfs-order do

(3) I v YT A B

(4) foreach iebfs-order do

(B)  FEE VT RS E
5.3 $tXEARIHEE

T SE B 1) R v BATT 0 IS OG0 I G A8 & I BRI, T 3K B B8 3R A 8 M i 1) A 6 B A 34 A% 6 1R 4 1 00
A PR, G SRS A b ) R ST S FRAT T I A AR AT K R B AR TS TR I 4 AR T SR AT
ARG SEIR B T B 0T A 1) 1 2R AR AT T Ao R P A TR (1 5 R A I O 2R N A 1 AR AT A B 1
VYL ALHE B, DA bR T T 5 3 7 R MR A 1 B 11 5 K

o EXTEMIE SAL R

B o 25 A AL 3 H AR UE TA5 V5 &A% 38 05 B T 96 T 20 A8 = 10 40 A (19 5, LB ) AR AR 2
3 A 5 WK PR S AT 38 7 0 A4 B 0 A 1 B 3o B,

Bk, AT E N 7 BB ) G=({X,F},T), &AL ER g=iy, — 5500 &AL N B AL AT A
7=(fi>i1—> ... foQ). 45 [l € FT A ATE B AT b B B vz N B0 B A A% % 1) SRR I, T Vs q Al AR
Vo IBRELE (v, v ) DR BRATTRT LU Vs - Kt vy, MR B

Vay| _ OF, _H0vs i,
6Vﬁk_q‘ _avﬁk_q _H OV, i, (30)

T

AP AN 2B BT DA O v IR vy (520 (1) 57

k-1 vy, i
14V, o LIS Av,, 1] Tsup| - 2esis (31)
d=1V_x VY gy -ig
I, LN MR =B ... — B> Q) KRB GR
k-1 av .
sensitivity () = ] Jsup % (32)
d=1 V-r VY gy -ig

b J AR5 52 2 P v T Bk 3% R Mooij AT KappenD® iy 46 S 25 B Bk o) s 25 3 L U 24
2 (32) IR d AR AT LA SR HY O i 0 IR o1 X B AR X IS, B g 1 25 BT AT Ma—i $517) g
(K3 17 B A AR, E T 20 (R A7 A TRE (K B A2 AT 0 95 22 4% T SR AT IR 5 i -2 A TR £ 04 o, FAT T T BUCR
X T 1) A B B i K R AR AR T A R AR R S 2 -1 PR B K BB (A
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max— sensitivity(a —i,q) = max sensitivity(r)

ﬂeH(a—l,q)

Horp [T —i,0) & T A Ma—i 3610 g B AR SRR S

aVac—i

TE R F] sup,
s

TR O FESR B R B A7 ) Diijkstra 030, 3RATT T DAFS B T 500 Y R AR ) SA.

B 1. I

B 7B G=({X,F},T), % QeX.
(1) ' XAIEBA L=0, 1 IR oy i
(2) foreach (a—i)eT do

©) §WMMW%&ﬁ%J{3§iEQ
4 (eSS L

(5) while L& do

(6)  id L MIHETIN (i)

(M) A Wai Hpa i MIBR L HIHETR UG 2 (o)
(8) foreach peI\a do

9) foreach je 74\ do

(10) if (4-j)eL then

(11) '/‘}pﬁ_j j"] max[pﬁj +Pyi -SUP, 21/7054 J
Vi-i
(12) R B (8 SE AL e 3 56 BA A L

(13) IRl W={w,il(a—i) e T}——F A 1L (1) FEAE AL

AT EE LRI ARAR & A RS o5, B AT 153 BB 118 145 S AR 3R 50 (57 12).

Bk 12, B E WIS SR

R T B G=({X,F}.T), &) QeX;

(1) EXASEBAF M

(2) AW REW L R EHE

(3) foreach (a—i)eT do

4y WEHHE R Ve

(5) foreach (a—i)eT do

(6)  MIEAXE@. AXE@UH Y, 1,
() A(a-)EM P IRERR W xr o i, K (a=T) A M
(8) while WEAWKSL do

9) i M FIHETH (i)

(10)  2veihv,

(11) A (o= M FRER R 0

(12)  foreach pe L\« do

(13) foreach je )i do
(14 HRAEAR @D, ARE)EHIHH Y, 1,
(15) LI(B-E M AR SR 1y
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(33)

€ [0,2) , DAk, v 557 e DK B . AP 1 ) A S B B A I R AT ST B P
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(17) J&[1] P(x)

o AMHUKT MCMC

ZE L T A S BRI TR A

1) MHFPRASTFE A E X T AR THRQ,2,...,n) LRI p flike 85— AR xex;

(2)  MIEASE SUFE i AR A48T qOG)HIRE xq T (R, s e A28 B O E AN AR IR LIRS s

AT 5 2 X —H W A B R A AR s BB — AR B AEA EUFRE s AL 4 MCMC HEFE 34T
TR 1) 2 BT A 7R R I 300 % AT, 7 S B ek R L R R T S 1 L, B i p(i) L s b

n
WA Wick F1 McCallumeHg H 7 — P 25 v UK (19 MCMC 535 A% 505 (10 S B e T, 10 72 30 JRI S 20 1y A 1 31
StoF 5 1) AR 8 A 7] 11 56 i - 1 40 20 ) A - R A o (R A R A OC R 1T 5 ) — 8 S (N A A 55 TR 0%
R, E A AR S TR e, — P G P B U 43 A T 224 T A i B L A i A R R ) A O I, ) B AR R
] RS (R x BTy RN BE AL AR B SRS 43 A R 553 A1 53 A 2(X,Y), (%), (y). 2 f(m(), m(-))or,
reR, MR 43 A (P HLE, IR A2 S B S0 x ATy [R5 o(x,y) A

Ux,Y)=f(7(x.y), 2(x) (y)) (34)
B f oAy 38 22 T 50,159 3 1, (X,Y)=P|| (X, ) —72(X) 7(y) Py |I-

SR 3T BRI oh (R AT P AR B R T B 0 T LR IR R HE R DR i, SCRR[36] 3 — 2P 48 Y T 5 itk
AR5 IR 0 T — 4 N A8 5 Xo=Xq BT AR 5 Xs=Xs [ R AL 0= (Xo, X0, - Xr) TBE (X3, Xi) A2 FTELFY i, % )
R T 6T XX BB 40 A A A ZC S RV I 6 23 A TRV A AL, TTT (%), () K9 L300 2k 0 A1, WU AT 530 % 12 o) 5%
M % 121553 K

r-1
7, (Xg, %) = H (2% %i10). 4 (%) (X.1)) (35)
4 p(i)oc 7,(Xq,xi), BV A5 3] 2 i U= IR 4R 043 A1
Xt 18 [ Metropolis-Hastings 577585 A £ #8508 1) MCMC(QAM).
6 KRERILIEMARERE

W23 PRIASE TR 0 Dy R T Ak PR AT S A 45 4 R R R T ) — IRAE L, LT R L ok DA S T K2
IR R 3R AT T SR B A A AR S OG A T B NN LA A 8 T MER B Y s . HEE RN 2% 3 )
e T B R LUASE T AN [ ) B RN 2% 3 R0V I 3 3 B RN R AT 1R 2 2 5 TR B A 21 1 30 4 o A8 O T L 1 Sk
SR PR DA K HE B vl 850 ) B T 5

ARSI A B n] LLAE RO TE — M0 SO RE 23 A 20 % L TR St 1 AR AT AR A A > — 3 3 A8 28

i BV B A 70 FRATT T G 1 N FH H BAS 35 2 10 208 L AR T M 2R W A TR () BT 9 PP O AV 22 1) B AR A 4 R JE

(1) Mk PR ARY 11 o

TG GUR FRATT AR T B o LA 1) R U VR S PN R PR AR A U e B ) T A LK ) e AR ()
AR 2 ZR Al HH B B B, S ST A 2R 1 i B S A DA L 8, DA S o I8 P R A RS R N B A
SRR R 22 20 i R S 2R B S e IR T R A AR T, — i T B A P e RS T R B, & — i T e
T MRS 1 AU HE B L b R 2% ) B AR LR ) — R A R T R 7 22, nT LU R B 194 e B AR A 1 o 2
AW BLAG] 0, b e LDA BEAL 5 B 5 4 2 A 1) ) Y AR — R AT DU TR S A e A AL

(2) M B RS ) 2 o R4 3

ARG 2 P 455 70 1 A A5 B 77 vk H A, A IR TR 1 RASE 78 3T 4 K, 81 i Googlle Scholar 2824 R %
I FH 9 BV X 43 7] 44 15 2, 1) 2 R T O 2 AR A 3 B L R 3 10 S [ MR S A 7R T 3 A F) A 8 v B L A%
B IR R ) 38 ) T 5 R R AR R ) S b R B ML CPU M 45 HE B 7 V3R AT 1 A T BRI A e i I T 2 26 52
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FHAE B 0 0 — P09 e 3 2 0 77 v, B R R GPU nadE . o3 A sCHERL . B1 6 Z ) I 4R B . 23R R0 HE A 1)
Prefre SHTROAR S3HEHLRT MCMC J5 5545 0 J A7 785 SCIIIE 9% 7 17D

(3) ik A 4k B AUE 56 PR 1) S S L I o

AR 28 P A5 7R ) L T 36 7 1) 0 B0 45 W) 3 s - TADIR A — S 1100 P24, T A 28 ) oy 20030 AL e B ARV ot 7R
SR BRI L T BT AR ST R BRI 1 R A S R SR (R L BN TR () — /N 4 B
D1, 1 K8 2 B DR G 5 2 1 AN H ~%50 7 ) 54 90 o 4 S A TR 25 2 03k DI B RBE R N 00k (A QA sz B 1 I 2R 1,
70 R 26 RS RTS8 6 b 3 A5 AR K I o 3 2 ) SR AZAE — b 1B A 75 DGO 0 N I E 5 3 R AR 4Rk e
A28 1) A8 A 3R T R T AL e SR 25 4 B3 1) S IO, 4 4 Pl A R (0 7 R A SR AR K 0 {8, — 2 75 4
JE 5 $ AR S TR0 {0 3 1 £ RE2 P 1 50 S B9 B R 2 ST 59 ) T HL () 1 WinBUGSE™) Infer NET!, Church®8) &
ZEAE 34 N AT SR AT T B AE IX —FR 4 % X 4 72 (probabilistic programming) A 7T 32 8T B 5534 T 1IEAE
SRR L T L (T8, 9 FLB v R B R 8 L A A R R R I L e N TR
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